Comparison tests for improper integrals (of functions of one variable)

(1) Let f,g: [a,00) — R be integrable functions on [a, z] for all z > a.

(a) If 0 < f < g on [a,00) and the improper integral faoo g converges, then the improper
integral [ f converges.

(b) If 0 < f < g on [a,00) and the improper integral faoo f diverges, then the improper
integral [ g diverges.

(¢)If f and ¢ are non-negative and continuous functions on [a,0),

limg, o0 % =0and [ g converges, then [ f converges.

(d) If f and ¢ are non-negative and continuous functions on [a,0),

f(=)

lim o0 45 = 00 and [ f diverges, then [ g diverges.

(e) If f and g are nonnegative and continuous functions on [a,00) and
lim,, o % # 0 (and it is finite), then faoo f converges if and only if faoo g converges.

(2) Let f,g: (a,b] — R be integrable functions on (z,b] for all a < z < b.

(a) If 0 < f < g on (a,b] and the improper integral ff g converges, then the improper
integral fab f converges.

(b) If 0 < f < g on (a,b] and the improper integral fab f diverges, then the improper
integral ff g diverges.

(c) If f and g are non-negative functions on (a,b], lim, .+ % =0 and fab g converges,

then fab f converges.

(d) If f and g are non-negative functions on (a, b], lim, .+ % = oo and fab f diverges,

then fab g diverges.

(e) If f and g are non-negative functions on (a,b] and lim, ,,+ % # 0 (and it is finite),

then fab f converges if and only if fab g converges.

(3) (a) Let f :[a,00) — R be an integrable function on [a, z] for all a < z. If the improper

integral faoo | f| converges, then the improper integral faoo f converges.

(b) Let f: (a,b] — R be an integrable function on [z, b] for all @ < z < b. If the improper
integral f; | f| converges, then the improper integral fab f converges.

(c) Remark. The converse of (a) and (b) do not hold: The function f(z) = %22 for

z € (0,00), is integrable on (0, z) for all z > 0 and [~ 322 dz converges. However,
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