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To start with

@ all this proofs are obtained

o either only using basic rules
@ or using previous proofs
@ i.e., we never use something unless it has been previously proved or is a basic
rule
@ equivalencies are proved in two steps: — and «—
@ after proving a derived rule or one direction of an equivalence (e.g. “DM1" o
“cutl”) we can use it as a normel rule by calling it by its name
e we use “cut2” in line 13 of the proof of “cut3”
o we use “DM1” in line 2 of the proof of “DM2"
@ instead of “cutl” and “cut2” we often use simply “cut”; we do the same in
similar cases
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Derived rules

transitivity: T[A—>B, B—C|-A—C

1 A assumption
2: A — B premise

3: B (1,2)

4. B — C premise

5: C (3.4)

6: A—>C (1-5)
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Derived rules

modusTollens : T[A— B, —B]+ —A

22 RNY

A

A—> B

B

-B

B A—=B
A— BA—B
—A

assumption
premise
(1.2)
premise
(3.4)

(1-5)

(6)
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Derived rules

cutl: T[Av B, —Al+B

1: Av B

2: —A

3: A

4: —-B

5: AA—A
6: —-B—>AA—-A
7 —-—B

8: B

9: A— B

10: B

11: B— B

12: B

premise
premise
assumption
assumption

assumption
(10)
(1,9,11)

The second cut rule, “cut2” is very similar
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Derived rules

cut3: T[AvB, Cv-AlF-BvC

1: —(Bv C) assumption
2: B assumption
3 Bv C (2)

4: (BvC)Aa—-(BvC) (13

5: B— (BvC)a—(BvC) (24)

6: —-B (5)

7 C assumption
8: BvC ©)

9: (BvC)A—~(BvC) (18)

10: C—>(BvC)A—=(BvC) (79

11: —-C (10)

12: Av B premise
13: A cut2(6,12)
14: Cv—-A premise
15: —A cutl(11,14)
16: An—-A (13,15)

17 —(BvC)—> AA—-A (1-16)

18: ——(Bv () (17)

19: Bv C (18)
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Derived rules

quodlibet: T[AA —A]+ B

1: —-B assumption(arbitrary)
2: An—A premise

33 - B>AA—-A (1-2)

4: ——B (3)

5 B (4)
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Tautology

tau: T Av —A

1: —(A v —A) assumption
2: A assumption
3: Av —A (2)

4: (Av —A) A =(Av —A) (1,3)

5: A— (Av —A) A =(Av —A) (2-4)

6: —A (5)

7 —A assumption
8: Av —A (7)

0: (Av —A) A =(Av —A) (1,8)

10: —A— (Av —A) A =(Av —A) (7-9)

11: ——A (10)

12: A (11)

13: A=A (5,12)

14: —(Av —-A) > Ar—A (1-13)

15: —=—=(Av —A) (14)

16: Av—A (15)
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De Morgan

DM1: T[-(Av B)]|F —A A —B

1 A assumption
2: Av B (1)

3: —(Av B) premise

4: (AvB)A—=(AvB) (23)

5 A->(AvB)A—(AvB) (1-4)

6: —A (5)

7 B assumption
8: Av B (1)

0: —(A v B) premise
10: (AvB)A—=(AvB) (89

11: B—>(AvB)A—=(Av B) (7-10)

12: —B (5)

13: —AA-B (6,12)
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De Morgan

DM2: T[-(AA B)]- —-Av =B
1: —(—A v —B)

2: ——AA——B

3: ——A

4. A

5: ——B

6: B

7 AAB

8: —(A A B)

0: (AAB)A—=(AAB)

10: —(—=Av —B) —

11: ——(—=Av —B)
12:. —-Av —B

(AnB)A—=(AAB)

assumption
DM1(1)
(2)

(3)
(2)
(5)
(4.6)
premise
(7.8)
(1-9)
(10)
(11)
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DM3: T[-=A A —=B| - —(A v B)

1: Av B assumption
2: —AA—B premise

3: —A @)

4: A assumption
5: —-B assumption
6: An—A (3.4)

7: —-B—>AA—-A (56)

8: —-—B @)

9: B (8)

10: A— B (4-9)

11: B assumption
12: B— B (11-11)

13: B (1,10,12)
14: -B 2)

15: BA—-B (13,14)

16: (AvB)—>Bna—B (1-15)

17:. —(Av B) (16)
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De Morgan

DM4: T[-Av —B]+ —(A A B)

@IS @

©

el el el e
G > @Y=

16:
17:

._.
= @

AAB

-B
B A—-B
—-B—>BA—-B
—-—B
——AA——B
—(—Av —B)
—Av —B
(=Av =B) A =(—=A v —B)
(AAB)—> (—mAv —=B) A =(—Av —B)
—(A A B)

assumption
w
assumption
(23)

(3-4)

(5)

1
assumption
(7.8)

(8-9)

(10)

(6,11)
DM3(12)
premise
(13,14)
(1-15)

(16)
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Associativity

n-associativity: T[(AAB) A C]FAA (B A Q)

1: (AAB)AC premise
2. AAB (1)

3 A 2)

4. B (2)

5. C (1)

6: BaC (4,5)

7. AA(BAC) (36)

The other direction is very similar )
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Associativity

v-associativity: T[(Av B) v C]+—Av (B v C)

1 —(Av (Bv Q)

2 ~A A (B v C)

3 —AA (=B A —C)

4 (=AA—=B)A—=C

5: —(Av B) A =C

6: =((Av B) v C)

7: (AvB)v C

8 (AvB)vC)a—=((AvB)v ()
90 —(Av(Bv(C)—>((AvB)vC)A—((AvB)vC()
10: ——(Av (Bv ())

11: Av(Bv ()

assumption
DM1(1)

int(2) with DM1
A-asociatividad
int(4) with DM3
DM3(5)

premise

(6.7)

(1-8)
(9)
(10)

The other direction is very similar
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Commutatitvy

A-commutativity: T[AA Bl =B A A

1. AAB premise
2: A (1)
3: B (1)
4 BAA (23)
The other direction is very similar J
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Commutatitvy

—-commutativity: T[A < Bl B < A

1. A< B premise
22 A->B (1)
33 B->A (1)
4 Bo A (23)
The other direction is very similar J
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Commutatitvy

v-commutativity: T[Av Bl - B v A

1 —(B v A) assumption
2 —B A —A DM1(1)
3 —-B 2)
4 —A (2)
5: —AA—B (3.4)
6: —(Av B) DM2(5)
I8 Av B premise
8 (Av B)An—=(Av B) (6,7)
90 —(BvA —>(AvB)A—(AvB) (1-8)
10: ——(B v A) (9)
11: BV A (10)
The other direction is very similar J
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Idempotence

v-idempotence: T[Av Al — A

1 —A assumption
2: Av A premise

3: A cutl(1,2)
4: AA—A (1,3)

5 —A->AA—-A (1-4)

6: ——A (5)

7. A (6)

\

v-idempotence: T[A] - AV A

1. A premise
22 AvA (1)
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Idempotence

A-idempotence: T[A A Al - A

1: AAA premise
2: A (1)

n-idempotence: T[A| - A A A

1. A premise
22 ArA (1)1)

D. Zanardini (UPM) Ac. Year 2020/2021



Distributivity

v-distributivity: T[Av (B A C)](Av B) A (Av C)

PEIPDONE

—(A v B) assumption

—A A —B DM1(1)

—A 2)

—-B )

Av (BaCQC) premise

BAC cut(3,5)

B (6)

B A —B (4,7)
—(Av B)—>BAr—-B (1-8)
) )

Av B (10)
—(Av C) assumption
—AA—=C DM1(12)
—A (13)

—C (13)

Av (B AC) premise

B A C cut(14,16)

C (17)

CAr—C (15,18)
—~(Av C) > Ca—C (12-19)
——(Av C) (20)

Av C (21)

(AvB)ya(Av O) (11,22)
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Distributivity

v-distributivity: T[(Av B) A (Av C)]Av (B A C)

1: —(Av (B A Q) assumption
2: —AAr—=(BnaC) DM1(1)
3: —-A (2)

4: —(B A C) (2)

5: (AvB)A(Av O) premise
6: Av B (5)

7 Av C (5)

8: B cut(3,6)
0: C cut(3,7)
10: BAC (8,9)
11: (BAC)A—=(BAC) (4,10)
122 —=(Av(BAQC)—>(BAC)A—=(BAC) (1-11)
13: ——(Av (B Q) (12)

14: Av(BAC) (13)




Distributivity

A-distributivity: T[AA (Bv C)]F (AAB) v (AAC)

1: An(BvVO) premise
2 A (1)

3: BvC (1)

4: —((AAB) v (Ana Q) assumption
5: —(AAB)Ar—=(AArC) DM1(4)
6: —(A A B) (5)

7: —(A A C) (5)

8: —Av —B DM3(6)
9: —-Av —=C DM3(7)
10: —A assumption
11: AA—A (2,10)
12; —A> An—A (10-11)
13: ——A (12)

14: —-B cut(8,13)
15: —C cut(9,13)
16; —B A —=C (14,15)
17 ~(Bv Q) DM2(16)
18: (Bv C)a—(BvC) (3.17)
190 —((AAB)vV(AAC)—>(BvC)a—(BvC) (418)
20: ——((AAB)v (AnQ) (19)

21: (AAB)v(AAC) (20)
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Distributivity

A-distributivity: T[(AA B) v (AA C)]-AA (B v C)

1: —A assumption
2: —Av =B (1)

3: —(A A B) DM4(2)
4: (AAB)v (AAC) premise

5: AAC cut(3,4)
6: A (5)

7: AA—A (1,6)

8: —A—> AA—A (1-7)

9: ——A (8)

10: A 9)

11: —(Bv C) assumption
12; —B A —=C (11)

13: -8B (12)

14: =€ (12)

15: —Av —B (13)

16: —(A A B) DM4(15)
17: (AAB)v (AAC) premise
18: AAC cut(16,17)
19: c (18)

20: Ca—C (14,19)
21: —(Bv C)—>Ca—C  (11-20)
22: ——=(Bv Q) (21)

23: BvC (22)

242 AA(Bv Q) (10,23)
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Implication

implication: T[A— B] - —-Av B

1 A— B premise

2: —-B assumption
3 A assumption
4: B (1,3)

5: BAr—-B (24)

6 A— BA—-B (35)

7 —A (6)

8: —Av B (7)

99 —-B—>—-AvB (2-8)

10: B assumption
11: —-Av B (10)

122 B—>—-AvB (10-11)

13: Bv —B tau

14: —-Av B (9,12,13)
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Implication

implication: T[-Av B]-A— B

1:

2D 2N

—-Av B

premise
assumption
assumption
(23)

(3.4)

(5)
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Implication

double implication: T[A < B]+ (A— B) A (B — A)

1. Ao B premise
22 A->B (1)

3: B-A (1)

4 (A-B)A(B—A) (23)

1. (A->B)A(B—A) premise

22 A-B (1)
3: B-A (1)
4 AoB (2,3)
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Double negation

double negation: T[——A] A

1. ——A premise
2: A (1)

double negation: T[A] - ——A

1: —A assumption
2 A premise

3 An—A (1,2)

4 —-A—>AAr—-A (13)

5 ——A (4)
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Contraposition

contraposition: T[A — B] - —-B — —A

1 —-B assumption
2: A assumption
3: A—B premise

4: B (2,3)

5: BAr—-B (14)

6: A—BAr—-B (2-b)

7: —A (6)

8: —-B—>-A (1-7)
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Contraposition

contraposition: T[—-B — —A]+— A — B

1 A assumption
2: —-B assumption
3: —B — —A premise

4: —A (2,3)

5: An—A (1,4)

6: —-B—>AAr—-A (2-5)

7: —-—B (6)

8: B @)

99 A-B (1-8)
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