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Discrete signals

« Adiscrete signal x/n] results from the sampling of a continuous signal x.(t) with a

sampling period T (f; = %)

x[n] = x.(nT)

ORPrNWA,TOON

where n is an integer number

-8 ®

« The sampling frequency must be higher than twice bandwidth of the continuous
signal (Nyquist theorem)

» X[n] can now be stored in a digital system (after quantizing its amplitude as a binary
number) and it can be processed by means of digital signal processing techniques
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Fourier transform

We can define now the equivalent to the Laplace transform for discrete signals:
the Z transform

X(Z) = Xn=-coX[n]Z7"
The Fourier transform of discrete signals is:

X(e?) = Y _ o x[n]e @
Note that the FT is periodic with period 2m

The Interval from 0 to 2m is equivalent to frequencies from —% (- m rad/s) to % (+1
rad/s)
The ZT and the FT are instrumental in the analysis of LTI systems

In discrete systems, the delta function (Kronecker’s delta) is defined as

1 ifn=0 . . .
=1 !
5[n] { 0 otherwise &10] 1s not infinite!
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Digital filters

» Adigital filter is characterized through a discrete impulse response h[n]

« The output y[n] of a filter with impulse response h[n] and input x[n] is

y[n] = x[n] * hn] = Xr-_o x[k]h[n — k]

» |tis posible to rewrite y[n] and relate it to the frequency response
N M
ylnl = ) awyln—kl+ ) bex[n - k]
k=1 k=0

M _

Zk:O ka K

N -
1-XY—, AkZ

H(Z) =

k
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Digital filters

» Finite impulse response (FIR) filter are those whose output only depends on the input
(|e ak=0)

* The impulse response is finite in time

M
yln] = ) bex[n— k]
k=0

H(Z) = Xi_o bxz ™"

h[n] = Il\c/[=0 b 6[n — k]
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Digital filters

» For infinite impulse response (lIR) filters, the output is a function of the input and past
outputs (i.e. a; #0)

* The impulse response is infinite in time, since it depends on the last N outputs

N M

ylnl = ) apyln—kl+ ) bex[n— k]
k=1 k=0
_ 21]?:0 bz
H(Z) = 1-YN_ axz7k

h[n] = ¥¥-1 ary[n — k] + Xi=o bS[n — k]
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Digital filters

« Example of filter structures

wik)

FIR 1 —sample delay
/

oA [n] > 271 Zfl ........... »| Z*I

)
@_ ............. ,@_. y[n]
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Discrete random processes

« Given two w.s.s. discrete random process X[n] and Y[n] = X[n] * h[n]
E[X[n]] =X

E[Y[n]] = 55w hIKIE[X[n — k]] =
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Discrete random processes

Ryy[7] = E[Y[n]Y[n + 7]] = Xkl _o hlk] Y=o hlr]Rxx[T + k — 7]

Syy(w) = |H(9jw)|zsxx(w)
Note the new

/ integral limits

1
Pyy = Ryy[0] = — [”_Syy(w)dw

= = [T () Sux(w)do
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Discrete random processes

» Given If X[n] is a white noise, then

_No ¥
Rex[t] = %5[n] Ryylt] = 7};:00 h[k]h[k + T]
Syx(@) = 2 Sy (@) = [H(e/)*Sgx (@) = [H ()| 2o
Pyx = Rxx[0] = =2 Pyy = Ryy[0] = Rxx[0] X¥-_o h[k]* =
2
| Pax 35 hIK? =

Note that the power
of a discrete White
noise is not infinite

% Zlioz—oo h[k]z —
(3) (G lH () dw)

Parseval’s theorem
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Discrete random processes

 The time averages can be computed as

Alxlnl] = Jim 2.5

Zk=—Lx[k]

R_xx[x[n]x[n + T]] = lim — b x[k]x[k + 1]

L—oo 2L+1
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SUMMARY

* Discrete signals

* Digital filters

* Discrete random processes
— Mean, autocorrelation, power spectrum
— LTIl systems

— Time averages
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