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Independency

Two r.v.. X and Y are independent if any couple of events A (related to X) and B
(related to Y) are independent. This leads to:
P(X <x,Y<y)=P(X <x)P(Y <)
Fyy (x,5) = Fy (X)Fy ()
Jar (5, 9) = 5 (X) fy ()
Also, it can be proved that if X and Y are independent, then:
Fy(x|Y < y)=Fy(x) fx(x|Y <y)=fy(x)

Fy(y| X <x)=F,(y) X <x)=f,(»)
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Independency

Example: Given the joint p.d.f. below, check if X and Y are independent

1
fXY (x,y)= Eu(x)u(y)e—(xﬂ)e—(y/?,)

fx(y)= IfXY (x,y)dy = (1/4)U(X)€_x/4

S (x,¥)=fx(x)fy ()
fr(y) = Iny (x,y)dx = (1/3)u(y)e—y/3/

X and Y are independent
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Expectation of a function of multiple random
variables

« The expectation of a function of multiple random variables is

Elg(X,V)]=| : | _+:g(x, V) xr (x, y)dxdy

 |f the r.v. are independent, then

E[g(X)h(Y)] = E[g(X)]E[A(Y)]
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Moment about the origin of two random
variables

The joint moment is defined as
m, =E[X"Y"]

Moment m,, is especially interesting and it is called the correlation of

XandyY
R,, =m,, = E[XY]

Two r.v. are uncorrelated if Note that is X and Y are independent this
means that they are always uncorrelated

R., = E[X]E[Y] However, the opposite does not have to be
A necessarily true

Two r.v. are orthogonal if

R, =0
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Central moments of two random variables

* The joint central moment is defined as
ty = E[(X = X)" (Y =Y)"]
* Note that the joint central moment can be used to obtain the variance
Iy = E[(X - X)*]= 0%
ty = E[(Y =Y)]=0y

« Moment u11 is especially important, and it is called the covariance of X

and Y _ _
Cy =4, =E[(X-X)Y-Y)]

 The covariance is related to the correlation and the means of X and Y:
C,, =R,, —E[X]E[Y]
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Covariance, correlation and orthogonality

The covariance is also related with the concepts of correlation and
orthogonality

If twor.v.. X and Y are uncorrelated then
C, =R,, —E[X]E[Y]=E[X]E[Y]-E[X]E[Y]=0

If two r.v. are orthogonal and the mean of any of the two is zero

C,, =R, —E[X]E[Y]=0-E[X]E[Y]=0 Orthogonal + E[X]=0 or E[Y]=0
Implies X and Y are uncorrelated

The correlation coefficient of X and Y is defined as
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Variance and correlation

The variance of the sum of several uncorrelated r.v. is the
sum of the variances of each r.v.

Var(z X;) = ZVar(Xl.)

What if they are
independent?
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