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PREFACE

This is not a complete set of notes for Algebraic Structures. Part II of the course,
concerning Ring Theory, is not discussed in these notes.

However, these notes do contain all of the relevant material on Group Theory that will
be covered in Part I of the course. They may thus be used as a guide and main reference
for this part of the course. Some of the specific results, proofs, examples, etc., that appear
in these notes may not be explicitly discussed during the lectures, due to obvious time
limitations.

At any given moment during the course, I would recommend reading ahead of whichever
point the lectures have gotten up to. In this way, the next lectures will become easier to
follow, and one may ask any relevant question that may arise through this reading.

I have included many relevant exercises right below most of the results and definitions
that occur in the notes. I have also added long lists of exercises at the end of each section.

These lists of exercises do not, in any way, intend to replace the official exercise sheets
for the course that will be provided. You should give priority to the exercises that appear
in the exercise sheets.

However, if you feel that you do not properly understand some part of the course (or even
if you just wish to study some part of the course more in depth), then you may certainly
use the exercises found in the corresponding parts of these notes to think further about the
relevant concepts.

The main reference for the writing of these notes has been the book [2] of Dummit and
Foote, which we have occasionally complemented with alternative books such as [1].
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ParT I: GROUP THEORY

From the moment you started studying and handling sets such as N := {1,2,3,...} and
Z:={..,-3,-2,-1,0,1,2,3,...}, you had encountered a first level of abstraction: the
usual jump from considering three oranges, or three pens, to considering the number 3;
the agreement that, since adding a new orange to an original two oranges results in three
oranges, we may write 2 4+ 1 = 3.

You may think of group theory, and later also of ring theory, as a second level of ab-
straction. Consider for example Fermat’s Little Theorem, which states that if p is a prime
number and a is an integer with p 1 a, then

(1) a? =1 (mod p).

Clearly, this result has nothing to do with oranges. The more surprising fact is that this
result has nothing to do with integers, or more generally with numbers. Instead, it will be
seen to be a direct consequence of Lagrange’s Theorem 2.61.

It is therefore interesting to try to consider the sets Lagrange’s Theorem applies to, all
at once, since we will get information about many different kinds of mathematical objects.
This is what we meant by a second level of abstraction: isolating the essential properties of
the set Z and of its natural binary operations, which are really responsible for the truth of
the important theorems of arithmetic.

In fact, at some point you may have felt that there was some cheating involved in the first
level of abstraction. It is not clear that there is such a thing as zero oranges, or as minus
three oranges. The mathematicians of ancient Greece, who are considered responsible for
this first jump, did not have a number 0, or any negative numbers. In other words, they
could work with N and with its binary operations + and -, but the notion of working with
Z would have seemed nonsensical to them. Why do we want to work with Z then?

The real reason we need to do this is that the pair (N, +) does not constitute a group,
while the pair (Z,+) does. In a way, (Z,+) is the group generated by the set N with its
binary operation 4. This is what justifies its definition. We can then apply all of the
results of group theory to (Z,+), and from them deduce the corresponding facts about the
elements of N C Z.

In a similar way, the triple (N, +,-) does not constitute a ring, while (Z, +, -) does.
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1. INTRODUCTION TO GROUP THEORY AND EXAMPLES

1.1. Definition and first properties.

1.1.1. Binary operations. We recall that the cartesian product of two sets S and T is given
by

SxT:={(s,t):s€S,teT}.
In particular one has S x S = {(s,s) : 5,8 € S}.

Definition 1.1. Let S be a set.

(i) A binary operation * on S is a function
*:9x 8 =85

We often abbreviate x((s,s")) to s s’
(ii) Let T be a subset of S. We say that T is closed under « if the restriction of x to

TxTCSxS

defines a binary operation on 7.
In other words, T is closed under x if ¢ x ¢’ belongs to T for every ¢t and ¢’ in T.
(iii) The operation x is associative if

sx(sxs")=(sxs')xs"

for all s,s',s" € S.
(iv) The operation * is commutative if

(2) sxs' =5 xs

for all s,s" € S.
(v) An element s of S is said to ‘commute’ with an element s’ of S (with respect to *)
if the equality (2) is valid.

Remark 1.2. It is very easy to prove that, if x is associative (resp. commutative) as a
binary operation on S and T' C S, then * is associative (resp. commutative) as a function on
TxT C SxS. In particular, if 7" is closed under %, then * is associative (resp. commutative)
as a binary operation on 7.

Examples 1.3.
(i) The sum + and the multiplication - both are binary operations on Z, and both are
associative and commutative.

The subset 2Z := {2a : a € Z} of even integers is closed under + because

2a+2b=2(a +b),
and it is closed under - because
(2a) - (2b) = 2(2ab).
The subset 2Z + 1 :={2a + 1 : a € Z} is closed under - because
(2a+1)-(2b+1) =2(2ab+a+b) + 1.
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However, 27 + 1 is not closed under + because
1+1=2¢2Z+1.
(ii) The substraction — is a binary operation on Z, but it is not associative because
0-(0-1)=1#-1=(0-0) -1,
and it is not commutative because
1-0=1#-1=0-1.
Examples 1.4. We fix an integer n # 0 .For any integer a, we write [a],, or @" for the class
a + nZ of a modulo n. We often omit n from this notation when it is fixed and clear from

context, and simply write [a] or @. (At some point we will simply drop the bracket and just
write a.) We recall that one then has

Z/nZ = {[a] : a € Z}.
(i) We define a binary operation + on Z/nZ by setting
[a] + [b] := [a + b].
This is a well-defined function
Z/nZ x L]nZ — Z/nZ
because if [a] = [@'] and [b] = [I] then a = @’ + na” and b = b + nb” so
[a] +[b] = [a+0b] =[a +nd” +V +nb"]| =[d +0 +n(a” +0")] =[d +b] =[]+ [V].
(i) We can define a binary operation - on Z/nZ by setting
[a] - [b] = [a - b].
This is a well-defined function
Z)nZ x L]nZ — Z]nZ
because if [a] = [d'] and [b] = [V/] then a = a' + na” and b = b + nb” so
[a] - [b] = [a-b] = [(a'+nad"”)- (0 +nb")] = [ -V +n(a'd" +a"V +nad"b")] = [a’ V] = [d']- [V'].
Exercise 1.5. Prove that the binary operations + and - on Z/nZ are both associative and
commutative.

1.1.2. The definition.

Definition 1.6. A group is a pair (G, *) comprising a set G and a binary operation x on
G that satisfy the following axioms:

(G1) * is associative.
(G2) There exists an element e of G, the ‘identity element’ of G, with the property that

gxe=g=exg
for every g € G.
(G3) For every element g of G, there exists an associated element g~

element’ of g, with the property that

g*g_lze:g_l*g.

L of G, the ‘inverse
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Notation 1.7. We often omit x when no ambiguity is possible and simply say that the set
G is a group.

Definition 1.8.
(i) A group (G, *) is ‘abelian’, or commutative, if x is commutative.
(ii) A group (G, ) is finite if G is finite.

Examples 1.9.

(i) We know from Example 1.3(ii) that (Z, —) is not a group, because — is not associative.
(ii) The pair (Z,+) is an abelian group, with identity element 0 and inverse element —a for
each a € Z. We often abbreviate (Z,+) to Z.

However, neither of the pairs (Z, ) or (Z\ {0}, -) are groups, because the identity element
would have to be 1, but there is no integer a satisfying 2 -a = 1, so 2 cannot have an
associated inverse element.

(iii) Let F be Q, R or C. The pair (F,+) is an abelian group, with identity element 0 and
inverse element —q for each ¢ € F. We often abbreviate (F,+) to F.

The pair (F,-) is not a group, because the identity element would have to be 1, but there
is no ¢ in F satisfying 0- ¢ = 1, so 0 cannot have an associated inverse element.

The pair (F'\ {0}, -) is an abelian group, with identity element 1 and inverse element ¢~
for each g € F'\ {0}. We often abbreviate (F'\ {0},-) to F™*.

(iv) Any vector space V together with its addition operation + is an abelian group.
(v) Fix an integer n # 0. The class [0] is the identity element of (Z/nZ,+) because

[a] +[0] = [a + 0] = [a] = [0 + a] = [0] + [a]
and, for any [a] in Z/nZ, we have the associated inverse element [—a|, because
[a] + [=a] = [a+ (=a)] = [0] = [(=a) + a] = [-a] + [d].

We set 0 := [0] and —[a] := [—a]. We often abbreviate (Z/nZ,+) to Z/nZ. By Exercise
1.5, we know that Z/nZ is a finite abelian group.
(vi) Fix an integer n # 0,1, —1.

1

(a) The pair (Z/nZ,-) is never a group: the identity element would have to be [1], but
if [0] - [a] = [1] then [1] = [0], which is always false. So [0] cannot have an inverse
element.

(b) The pair ((Z/nZ) \ {[0]},) is a group if and only if |n| is a prime number (see
Exercise 1.10 below).

(¢c) We may define a subset

(Z/nZ)” :={]a] : there exists b € Z such that [a] - [b] = [1]}
of (Z/nZ)\{0}. We see first that (Z/nZ)* is closed under -: indeed, if [a] - [b] = [1]
and [a'] - [b'] = [1] then
([a] - [a]) - ('] - [b]) = (([a] - [a]) - ['T) - [B] = ([a] - (o] - [b'])) - [b] = ([a] - [1]) - [b] = [a] - [B] = [1],
so [a] - [a'] belongs to (Z/nZ)*. Here we have used that - is associative, by Exercise

1.5.
The class [1] is the identity element of ((Z/nZ)*,-) because

[a] 1] = [a-1] = [a] = [1-a] = [1] - [a].
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Also, by the definition definition of (Z/nZ)*, and the fact that - is commutative
by Exercise 1.5, we know that every element of (Z/nZ)* has an associated inverse
element.

We set 1 := [1]. We often abbreviate ((Z/nZ)*,-) to (Z/nZ)*. We note once
again that, by Exercise 1.5, we know that - is associative and commutative. There-
fore (Z/nZ)* is a finite abelian group.

(vil) Any set with cardinality equal to 1 is clearly a group. We identify all such groups and
refer to them as ‘the trivial group’. We say that a group is ‘non-trivial’ if it has cardinality
greater than 1.

Exercise 1.10. Fix an integer n # 0,1, —1.
(i) Prove that, if p is a prime number, then (Z/pZ)* = (Z/pZ) \ {[0]}.
(ii) Prove that, if an integer m # £1, +n divides n, then the element [m] of (Z/nZ)\{[0]}
cannot have an associated inverse element with respect to -.
(iii) Justify claim (vi)(b) of Examples 1.9.
(iv) Show that (Z/nZ)* = {[a] : (a,n) = 1}.
(v) Use the Euclidean Algorithm to find [13]5,.

1.1.3. First properties. You may have noticed that above we have referred to the identity
element of a group, or the inverse element of a given element of a group. We now justify
this terminology by proving their uniqueness.

Proposition 1.11. Let (G, *) be a group.

(i) There is a unique identity element e of G satisfying condition (G2).
(ii) If g f = g for every g € G then f = e.
(i) If fxg =g for every g € G then f =e.
(vi) If g1 % g3 = g2 % g3 then g1 = ga.

v) If g1 x g2 = g1 % g3 then ga = gs.
(vi) For each g € G, there is a unique inverse element g~1 of g satisfying condition (G3).
(vii) (¢7) "t =g forallg € G.

)

)

)

i)

(viii) If gxg' = e then ¢’ = g~ 1.
(i L

(x

Proof. If e and €’ are identity elements of G then

X Ifg*g—etheng—g
x) (gxj) ' =j"txg ! forallg,jea@.
G is abelian if and only if (g% j) ' =g ' %57 forallg,j € G.

(

e=exe =¢,

where the first equality follows from applying (G2) to € and the second equality from
applying (G2) to e. This proves claim (i).

Claim (ii) holds because f = ex f =e.

Claim (iii) holds because f = f xe =e.

Claim (iv) holds because
gi=gixe=g1x(g3%g5") = (91%93) % g3 = (92%93) % g5 = g2% (gsx g3 ') = g2k e = ga.

Claim (v) holds because

g2=exgr= (97 *g1)xg2 = g7 ' * (91 %92) = g7 * (g1 % gs) = (9 *xg1)* g3 = e % g3 = gs.
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Fix g € G. If gx ¢’ = e and g x ¢” = e then in particular g x ¢ = g x ¢”. Claim (v) thus
implies that ¢’ = ¢”. This proves claim (vi).

The equality in condition (G3) is symmetric, so it states that any element g of G is the
inverse (g~1)~! of g71, as required to prove claim (vii).

Claim (viii) holds because if g x g’ = e = gx g~! then claim (v) implies that ¢’ = g~ .

Claim (ix) holds because if ¢’ x g = e = g~ ! x g then claim (iv) implies that ¢’ = g~

Claim (x) holds follows from applying claim (viii) to the equality
(gx)* (T xg ) = ((gxd)*J ) kg™ = (gx (5 ) xg ' = (gxe)xg !t =gxg™ ' =e.

We finally consider claim (xi). By claim (x), we must prove that G is abelian if and only
if j7'xg7! = g 1% 47! for all g,j € G. It is clear that if G is abelian, then the latter
condition holds.

On the other hand, if j7'x¢~' = ¢! x5! then

gxi= (@ G =G ) = e ) = ) e ) =k,
so G is abelian. Here the first and fifth equalities follow from claim (vii) while the second
and fourth equalities follow from claim (x).

1>71

0

Notation 1.12.

(i) In the sequel, for an abstract group G, we will mostly stop using the very distinctive
notation x for its binary operation and, unless explicitly stated otherwise, this operation
will be denoted by -. In addition, the identity element of (G, ) will be denoted by 1 instead
of by e. In fact, we will often drop the binary operation completely from certain notations,
so for instance we will feel justified in simply writing g¢’ rather that g- ¢’ for the evaluation
under - of a pair of elements g, ¢’ of G.

Sometimes, if the group G is abelian and we believe there is a pedagogical advantage
to this, we will instead write + for its binary operation. In any such cases, we will always
denote by 0 the identity element of (G,+) and write —g for the inverse element of any
g €aqG.

(ii) Now that we are familiar with the associative property of binary operations, we will
often stop writing brackets around pairs of elements of a group G whenever no ambiguity is
possible. In fact, by an easy induction argument, the associative property of - implies that

for any finite family g1, go, ..., gn—1, gn of elements of G, the evaluation
(3) 9192 gn—19n € G
is independent of how the expression is bracketed, and thus we will simply use this unbrack-

eted notation. We will also sometimes write [[:Z} g; for the expression (3).

In particular, for an element g € G and a natural number n € N we will write g for the
element gg...gg, where g occurs n times. We also set g~" := (¢~')" and ¢" := 1.

Example 1.13. It is clear from the associative property that, for any g1, g2, g3, 94 € G, one
has

((9192)93)9a = (9192)(9391) = 91(92(9394)) = 91((9293)94) = (91(9293)) 94,
so we do not need to distinguish between any of these expressions

Exercise 1.14. Show that g7" = (¢g")~ L.
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1.1.4. Orders and group tables. Recalling Fermat’s Little Theorem (1), we see that it is a
statement concerning an exponent n for which elements all a of (Z/pZ)* satisfy a =1 in
(Z/pZ)*. Specifically, it states that n = p — 1 is such an exponent.

In a general group G and for an arbitrary element g in G, we will be interested in studying
the exponents n for which g™ is equal to the identity element of G, or whether such an n
exists. It is clear that if ¢ = 1 and n | m, then g = (¢™)™™ = 1™/™ = 1. For this reason,
in the following definition, we associate to g the smallest such exponent, if one exists.

Definition 1.15.
(i) The ‘order’ of a finite group G is its cardinality, which we shall always denote by |G| € N.
We thus may say that a finite group ‘has finite order’. Otherwise we say that it ‘has infinite
order’.
(ii) Let g be an element of a group G. Then the ‘order of ¢’ is the smallest natural number
n with the property that ¢" = 1, if such a number exists. In particular we then say that g
‘has finite order’. If no such number exists, then we say that the order of g is the symbol
oo, and that g ‘has infinite order’.

We denote by o(g) or by |g| the order of g, so that this is an element of N U {oo}.

Remark 1.16. Clearly one has o(g) = 1 if and only if g = 1.

Exercise 1.17.

(i) Prove that every element of Z, except for the identity 0, has infinite order. Prove that
every element of QQ, except for the identity 0, has infinite order.

(ii) In Q*, show that one has

17 q= 1a
O(Q) = 2a q= _17
o0, q#1,—1.

Show that the same equality holds in R*. Can you find an element z # 1, —1 of C* that
has finite order?
(iii) In Z/9Z, show that
o([0]) = 1,0([1]) = 9,0([2]) = 9,0([3]) = 3, 0([4]) = 9,0([5]) = 9,0([6]) = 3, o([7]) = 9,0([8]) = 9.
(iv) Recall from Exercise 1.10(i) that (Z/pZ)* = (Z/pZ) \ {[0]} for any prime number p.

(a) In (Z/3Z)*, show that o([1]) = 1 and o([2]) = 2.

(b) In (Z/5Z)*, show that o([1]) = 1,0([2]) = 4, 0([3]) = 4 and o([4]) = 2.

(¢) In (Z/7Z)* show that o([2]]) = 3 and that o([3]) = 6.

Definition 1.18. Let G be a finite group of order n. Fix a bijection between G and
{1,...,n} and use it to write the elements of G as

G = {917927° . 'agn}a

ensuring that g; = 1 (the identity element). The ‘group table’ of G is the n x n-matrix with
coeflicients in G whose (4, j)-entry is the element g;g; of G.

Remark 1.19. The group table of GG is symmetric if and only if G is abelian!
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Exercise 1.20.

(i) Let G = {g1,92} (with g; = 1) be any group of order 2. Write down the group table of
G.

(ii) Let G = {91, 92,93} (with g1 = 1) be any group of order 3. Write down the group table
of G.

1.1.5. The direct product of two groups. As we know, to an arbitrary pair of sets S and T
one can associate naturally a new set, the cartesian product S x T'. It will be very useful to
observe that to an arbitrary pair of groups G and J we can also naturally associate a new
group, simply by giving the obvious structure to the set G x J as follows.

Definition 1.21. If (G, *¢) and (J,*;) are groups, we define their ‘direct product’ to be
the pair (G X J,xgx.j), where xgx s is the binary operation
(GxJ)x(GxJ)—=GxJ
on G x J defined by
(9,9) *axa (9',5") = (9*c g, 5 *1 7).
Lemma 1.22. The following claims are valid.

(i) The direct product of two groups G and J is a group.
(ii) The direct product of G and J is abelian if and only if both G and J are abelian.
(iii) The direct product of G and J is finite if and only if both G and J are finite.

Proof. To prove claim (i) we first note that the binary operation * := gy is associative
because

*xa (g *a g"), 5 %5 (3" *55"))
g*ag)*a g (G*15")*3")

~~

=((9,5) (¢, 5")) * (¢",3")-
Here the third equality holds because both xz and x; are associative.
If e¢ is the identity of G and e is the identity of J then
eaxg = (eq,ey) € G x J

is the identity element because

(9,7) * (ec,eq) = (9*c ec,j*s es) = (9,])
for every (g,7) € G x J, and because we may apply Proposition 1.11 (ii) to these equalities.
Fix an element (g,7) of G x J. We claim that

(9.0) " =(g i) eaxd
is the inverse of (g,7). Indeed, this follows from applying Proposition 1.11 (viii) to the
equality
(9. 0) % (g7 i ) =(grag " ixri™") = (eq,eq) = eax-
This completes the proof of claim (i).
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To prove claim (ii) we first assume that both G and J are abelian. Then for any
(9,7),(d',j") € G x J one has

(9,9)* (g5 =(g*c g i*13") = (g *c 9.5 *17) = (d',5") > (9. 7),

so G x J is abelian.
We now assume that G x J is abelian. Then for any g, ¢’ € G one has

(9*c g’ es) = (g,es) x (¢ eq) = (¢, es) * (g.€5) = (¢’ *c g, €),
so we must also have that g xg ¢’ = ¢’ x¢ g. This proves that G is abelian.
Similarly, for any 7,j’ € J one has

(es,j*57") = (eq,j) * (ea, ') = (ea, i) * (ea,§) = (eq,j *7 j),

so we must also have that j x; 7/ = 7' x; j, and thus that J is abelian. This concludes the
proof of claim (ii).

Claim (iii) is trivial, since we know that the set G x J is finite if and only if both of the
sets G and J are finite. O

1.2. Examples. In this section we give further examples of groups, some of which will play
crucial roles in later sections.

1.2.1. Symmetric groups. For a non-empty set {2, a permutation of €2 is a bijective function
that has 2 as both its domain and its codomain. We write Sq for the set of permutations
of Q.
We define a binary operation o on S through the composition of functions. Explicitly,
for a pair (o, 7) in Sq x Sq, the function
coT:0—0Q

is defined by
(coT)(w):=0(r(w))
for every w € 2. It is clear that, since both ¢ and 7 are bijective, the composition ¢ o 7 is
also bijective, and hence that o o 7 is a permutation in Sq.
The operation o is associative because composition of functions is always associative:

(po(ooT))(w)=p((coT)(w)) =plo(r(w))) = (poo)(r(w)) = ((poo)oT)(w)
for every p,o,7 € Sq and every w € (2.
We have the identity permutation, denoted by 1g or idg (or simply 1 or id if € is clear
from context), and defined by 1o(w) = w for each w € Q. Clearly

(Igoo)(w) = o(w) = (00 lo)(w)

for any o € Sq.
Since every permutation o € Sq is by definition bijective, it has a two-sided inverse
(bijective) function o~! : Q — Q for which

cgoo t= 1g =oltoo.
This function is thus a permutation ¢—! which is the inverse element of o.

Definition 1.23. For any given non-empty set 2, the group (Sq, o) is called the ‘symmetric
group on ().
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Exercise 1.24. Let  be the set {1,2,3}. Decide whether the symmetric group on €2 is or
not abelian. (If necessary, write down the group table of Sq.)

Definition 1.25. Let n be a natural number and set §2,, := {1,...,n}. We abbreviate Sq,,
to S, and we also call .S, the ‘symmetric group of degree n’.

Lemma 1.26. |S,| = n!.

Proof. A function o : Q,, — €, is bijective if and only if it is injective because €2, is a finite
set. So we simply need to count how many injective functions o exist.

The injective function o can map 1 to any of the n elements of ,,; w(2) can then be any
element of ,, except for o(1), so there are n — 1 possibilities for o(2); w(3) can then be any
element of §2,, except for o(1) and o(2), so there are n — 2 possibilities for o(3); and so on.

In this way, it is easy to see that there are n(n —1)(n —2)...2-1 = n! possible injective
functions from ), into itself. This proves the Lemma. O

Notation 1.27. We introduce two different ways to denote the elements of 5.
(i) We sometimes denote o € S,, by

1 2 3 ... n-1 n
o(l) o(2) o3) ... on—1) o(n))"
(ii) We shall often also use ‘cycle decomposition’ to denote elements of S,,. Let m <n

and let aq,...,a, be m distinct elements of €2,,. Then the ‘m-cycle’ (ay,...,ay) is
the element of S, defined by

a; — a;41 for each 1 <¢ <m —1 and a,, — a;.

We also say that the cycle (aq,...,an) has ‘length’ m.

An m-cycle (aq,...,an) and an m’-cycle (by,...,b, ) are said to be ‘disjoint’ if
a; # b; for every i and j.

It is easy to see that every element of S, is a composition of disjoint cycles, called
its cycle decomposition. See the table on [2, page 30| for the algorithm that gives
the cycle decomposition of any element of .S,,.

The cycle decomposition is unique up to re-ordering, but please note that

(a1, ..y am) = (Am, a1y yam—1) = (@m—1,@m, a1, ..., Am—2) = ... = (a2,a3,...,am,a1)
and also that, if an m-cycle ¢, and an m/'-cycle d,, are disjoint, then
(4) Cm © Ay = Ay © Cm.-

(iii) A cycle of length 2 is also called a ‘transposition’. One may also write every element
of S,, as a composition of transpositions. Such an expression is not unique, but there
is a well-defined function sgn : S, — {£1}, the ‘sign of a permutation’, where sgn(o)
is given by (—1)%?) where (o) is the number of transpositions in any expression of
o as a composition of transpositions. In other words, for a given permutation o,
either every such expression has an even number of transpositions, or every such
expression has an odd number of transpositions.

We say that o is even, resp. odd, if t(o) is even, resp. odd, or equivalently, if
sgn(o) =1, resp. sgn(o) = —1.
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Example 1.28. Let o € Si3 be the permutation

o(l) =12,0(2) =13,0(3) =3,0(4) = 1,0(5) = 11,0(6) = 9,0(7) = 5,
0(8) =10,0(9) =6,0(10) =4,0(11) =7,0(12) = 8,0(13) = 2.
Then the cycle decomposition of o is
o=(1,12,8,10,4) 0 (2,13) 0 (3) o (5,11,7) 0 (6,9).
As discussed in Notation 1.12 that we will usually omit the binary operation (in this case, o)
from the notation. In addition, any 1-cycle is just the identity permutation, so for instance

we may remove the 1-cycle (3) = id from the above expression without changing it. So we
will instead write the cycle decomposition of o as

(5) o=(1,12,8,10,4)(2,13)(5,11,7)(6,9).
Exercise 1.29. Show that the inverse element o~! of the permutation o given in (5) is
o' =(1,4,10,8,12)(2,13)(5,7,11)(6,9).

Exercise 1.30. We know that |S3| = 3! = 6. Show that the cycle decompositions of all
elements of Sy are

g1 = ldv 92 = (152)7 g3 = (173)7 g4 = (273)7 g5 = (17273)7 g6 = (17372)
Write down the group table of Ss.
Exercise 1.31. Show that Sy is not abelian.

Exercise 1.32. Let n > 3. A similar argument to the one you just used for Sy would show
that, in fact, S, is not abelian.

Remark 1.33. We mentioned above that the cycle decomposition of a permutation is
unique up to re-ordering but, of course, this is true because we imposed that it is a com-
position of disjoint cycles. There are certainly multiple ways to write a permutation as a
product of arbitrary cycles: for instance in S3 one has

(1,2,3) = (1,2)(2,3).

The cycles (1,2) and (2, 3) are not disjoint, and it is only the left-hand side of this equality
that gives the cycle decomposition of the permutation.

We will study symmetric groups in more depth in §4. In particular, see §4.1.1 for some
results on the order of permutations.

1.2.2. Dihedral groups. In this section we fix n > 3. Then there is an important construction
of certain subsets Dy, of S,, that are closed under o and for which the pair (D, o) is also
a group (in the terminology of §2.1 below, this means that Dy, is a ‘subgroup’ of S,,). Part
of the importance of the group Do, is that it has a geometric interpretation as the ‘group
of symmetries of the regular n-gon’.

In fact, this last sentence already defines Do,. Fix a labelling of the vertices of the regular
n-gon by the numbers in Q, := {1,2,...,n}. Then each symmetry s of the regular n-gon
permutes the vertices and therefore uniquely defines a permutation s of §2,, which is the
same as saying an element s of S,,. Specifically, if the symmetry s puts vertex ¢ in the place
where vertex j was originally, then s(i) = j for the corresponding element s of S,,.
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Definition 1.34. We have thus defined a subset
Dy, := { symmetries of the regular n — gon } C S,,.
We call Dy, the ‘dihedral group of order 2n’.

Remark 1.35. One always has |Da,| = 2n, so this terminology is consistent. From this
fact we also see, because 2n # n! for all n > 4, that the inclusion Dy, C S, is always strict
for such n, meaning that there are permutations in S, that do not define a symmetry of
the regular n-gon. However, 2 -3 = 3! so Dg = Ss.

It is clear from the geometric interpretation that the composition of two symmetries of
the regular n-gon is also a symmetry of the regular n-gon, that the identity symmetry is
the identity element with respect to composition, and that any symmetry has an inverse
element given by the symmetry obtained by reversing the motion. Therefore (Day,,0) is
indeed a group.

Remark 1.36. Some references denote the dihedral group of order 2n by D,, rather than
by Dy, since, as we already noted, the number of vertices is always half the number of
symmetries.

See the explanation in [2, page 24] to justify the fact that |Dsy,| = 2n, or come up with
your own geometric explanation.

Notation 1.37. Fix a regular n-gon centered at the origin of the plane and fix a consecutive
labelling of the vertices, from 1 to n, in a clockwise manner. Let r denote the clockwise
rotation abound the origin through 27/n. Let s denote the reflexion about the line of

symmetry through vertex 1 and the origin. It is then easy to see that:
(i) The elements 1, r, 2, r3, ..., r» ! are all distinct, but 7 = 1. In particular,
o(r) =n.
(ii) s # 1 but s2 =1, so o(s) = 2.
(iii) r? is never equal to s for any exponent i.
(iv) sort # sorl for any i # j with 1 < 4,5 <n —1, so

(6) Doy = {1,772, .. "2 " s sor 500, . 50" 2 50
In other words, each element of Ds, may be written uniquely in the for s*r* for
some k € {0,1} and some i € {0,1,...,n— 1}.
(v) ros =sor" ! = sor~! and, in particular, since r # r~! and using Proposition
1.11(v), we see that the group Da, is never abelian.
(vi) rfos=s0r""=so(r!)! for each 0 <i < n.
Exercise 1.38. Prove claims (i)-(vi) in each of the cases n = 3 and n = 4.
Exercise 1.39. In Dy, write the element sr?sr° in the form (6).

Remark 1.40. The rotation r uniquely defines the cycle r = (1,2,...,n) in S,. The
symmetry s uniquely defines the permutation

o (2,m)(3,n —1)(4,n —2)...(3, , n is even,
Cl@2n)(B,n = 1) (4,n —2) ... (ML, nd3), n is odd,
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in S,.
One can thus fully ignore the geometric interpretation and simply define Dy, by these
two equalities together with the equality (6).

Exercise 1.41. Ignoring the geometric interpretation, use the previous Remark to write
down all the elements of Dg. Then prove that Dg C Sy is closed under o and also to verify
that every element of Dg has an inverse element. Write down all the elements of Dy too
and prove the same things for Dig C Ss.

1.2.3. General linear groups. Fix n € N, let F' denote either Q, R or C and write M, (F)
for the set of n X n-matrices with entries in F. We set

Gl (F) :={A € M,(F) : det(A) # 0}.

Then, althought (M,,(F),) is not a group (where - is the usual matrix multiplication),
precisely because the matrices with trivial determinant do not have an inverse, the pair
(Gl,(F),-) is a group.

To see this, we recall that - is a binary operation on M, (F') that is also associative.
We must show that Gl,(F) is closed under -. But if A, B € Gl,(F) then det(A - B) =
det(A)det(B) # 0.

Since the identity matrix I = I,, clearly belongs to Gl,(F) and since every element A of
Gl,(F) has an inverse matrix A~! that must necessarily also belong to Gl,(F), it is clear
that (Gl,(F),-) is a group.

Definition 1.42. The group Gl,,(F) is called the ‘general linear group of degree n’.

Because F' is an infinite set, it is very easy to see that Gl,(F') is not a finite group. In
addition, it is well-known that it is not an abelian group.

Exercise 1.43. Prove that Gla(F') is not abelian.

Remark 1.44. For any prime number p, the set F), := Z/pZ together with the two binary
operations + and - is also a ‘field’, and everything discussed in this section works exactly
in the same way for F' = F,,. Since F,, is finite, it is immediately clear that Gl, (F,) must
be a finite group. In fact, one may prove that

GL,(Fp)| = (0" = D)(@" —p)(@" —p) ... (0" —p"7").
1.2.4. The quaternion group of order 8. The quaternion group of order 8 is
Qs = {£1, i, +5, £k},

with the binary operation - defined by 1z =1 =zl for all z € Qg, (—-1)(—1) =1, (-1)z =
—z =x(—1) for all z € Qs,

ii=jj=kk=—1,ij=k, ji=—k, jk=1i, kj=—i, ki=j, ik=—j.

It is quite tedious to verify directly that this binary operation is associative. Once this is
achieved, it is clear that Qg is a (finite, non-abelian) group of order 8.

1.3. Homomorphisms.
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1.3.1. Definition and first properties.

Definition 1.45. Let (G,*g) and (H,*p) be groups. Then a function f : G — H is a
‘homomorphism’ if

(7) flg1xc 92) = f(91) *m f(g2)
for every g1, g2 € G.

Notation 1.46. We also say that such a function f is a ‘homomorphism of groups’ or
a ‘group homomorphism’. Following Notation 1.12 we usually just write the displayed
condition (7) as f(g192) = f(91)f(g2), so please always keep in mind that in the left-hand
side of this equality we are operating in G, while in the right-hand side we are operating in
H.

Exercise 1.47. Prove by induction that if f : G — H is a homomorphism and g1, ..., gn

are elements of G, then 4 '
F(IT9:) =11 f90).
i=1 i=1

Lemma 1.48. If f : G — H is a homomorphism then f(eq) = ey and, for any g € G,
flg)t=rflg™").
Proof. For any given g € G we have f(g)f(eq) = f(gec) = f(9) = f(g)en so, by Proposi-
tion 1.11 (v), we find f(eq) = eq.

We now fix ¢ € G and simply note that f(g)f(g~!) = f(g97 ') = fleq) = en, so by
Proposition 1.11 (viii) we find that f(g)~! = f(g~!). O

Exercise 1.49. Show that the function f: G — H given by f(g) = ey for every g in G is
a homomorphism. This is called the ‘trivial’ homomorphism from G to H.

1.3.2. Isomorphisms.

Definition 1.50. A function f: G — H is an ‘isomorphism’ if it is a homomorphism that
is also bijective.

Notation 1.51. We sometimes use the notation f : G — H or the notation f : G = H to
indicate that f is an isomorphism. We also say that such a function f is an ‘isomorphism
of groups’ or a ‘group isomorphism’.

Definition 1.52. A group G is ‘isomorphic’ to a group H if there exists an isomorphism
f:G — H. In this case we write G = H.

Lemma 1.53. The relation G = H is an equivalence relation.

In particular, we may say that G and H are isomorphic, or of the same isomorphism
type, or in the same isomorphism class.

Proof. The identity function idg : G — G is clearly an isomorphism, so G = G.
If f: G — H is an isomorphism, we claim that the inverse function f~! is a homomor-
phism. For any hi, ho € H we have

(8) F(FH (haha)) = hiha = F(F7H(h)F(f () = F(F () fH (ha)),
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where the last equality holds because f is a homomorphism.

But, since f is injective, the displayed equality (8) implies that f~1(hiho) = f~1(h1)f = (he),
so we have proved that f~! is a homomorphism. We know that f~! is always bijective. We
have therefore proved that if G = H then H = G.

We finally assume to be given isomorphisms of groups f: G = H and f': H = I. It is
clear that f'o f : G — I is bijective, so we must only prove that f’ o f is a homomorphism
to deduce that f’ o f : G = H, and thus that = is a transitive relation.

The fact that f’ o f is a homomorphism now follows from the equalities

(9)
(f" o F)g192) = £'(f(g192) = f'(£(91)f(92)) = f'(F(g)f'(£(g2)) = (f"© £)(g)(f"© [)(g2)

for any elements g1, g2 € G. Here the second equality holds because f is a homomorphism
and the second equality holds because f’ is a homomorphism. O

Remark 1.54. We note for later use that the argument (9) shows that, for any homomor-
phisms of groups f : G — H and f’ : H — I, the composition f'o f : G — I is also a
homomorphism.

As the use of the term ‘isomorphic’ suggests, it is generally true that isomorphic groups
have the same properties. For example, we have the following.

Lemma 1.55. If G and H are isomorphic and G is abelian, then so is H.

Proof. Fix an isomorphism f : G — H with inverse isomorphism f~!: H — G. Then for
any hi, he € H one has

oY) (he) = £ (h2) £ ()
because G is abelian, and therefore also
hihg = f(f ™ (haha)) = f(f 7 (h)f 7 (ha)) = F(f " (h2) 71 () = f(f ' (haha)) = hoha.
d
Remark 1.56. More generally than Lemma 1.55, one also sees directly that if G is an

abelian group and f : G — H is any group homomorphism, then for any elements h; and
ho of im(f) with hy = f(g1) and ha = f(g2), one has

hiha = f(g1)f(92) = f(9192) = [(g291) = f(92)f(g1) = haha.
However, if f is not surjective, this fact does not imply that H is abelian.

It is also clear that if G and H are isomorphic and G is finite, then so is H, and moreover
that |G| = |H|. In addition, we also have the following Lemma and Corollary.

Lemma 1.57. If f : G — H is a homomorphism, then for every g € G one has o(f(g)) <
o(g)-

Proof. Without loss of generality, we may assume that o(g) < oco. We only need to prove
that f(g)°@ = ey. But by exercise 1.47 and Lemma 1.48 we find that f(g)°9) = f(g°9)) =
fleq) = e, as required. O
Corollary 1.58. If f : G — H is an isomorphism, then for every g € G one has o(f(g)) =
o(g)-
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Proof. Since both f : G — H and its inverse f~! : H — G are homomorphisms (this is
shown in the proof of Lemma 1.53), we may apply Lemma 1.57 to both of them to find that

o(g) = o(f~'(£(9))) < o(f(9)) < olg)-
These inequalities must be equalities, thus o(g) = o(f(g)). O

Exercise 1.59.

(i) Set Rsg := {r € R : r > 0}. Prove that (Rso,-) is a group. Find an isomorphism
(R, +) = (Rp, ).

(ii) Decide whether R and R* are or not isomorphic, and whether R* and C* are or not
isomorphic.

(iii) Decide whether Z/6Z and Ss are or not isomorphic.

Exercise 1.60. Let 2 be a finite non-empty set of cardinality n. Prove that Sq = S, by
following the following steps.
Fix any bijective function 6 from Q to €, := {1,...,n}. Define a function fy : Sq — S,
by setting
fo(o) :=0oco0f™?
for every o in Sq. Then:
(i) Justify that fy is well-defined, meaning that fg(o) belongs to S,,.
(ii) Construct a two-sided inverse S,, — Sq of fy to deduce that fy is bijective.
(iii) Prove that fy is a homomorphism.

1.4. (More) Exercises. Don’t forget to think about the exercises given throughout the
rest of section 1.

Exercise 1.61. Determine which of the following binary operations x are associative, and
also which are commutative:
(i) axb=a+ b+ ab on the set R.
(ii) a* b= (a+b)/5 on the set Q.
(iii) (a,b) * (¢,d) = (ad + bc, bd) on the set Z x Z.
(iv) axb=a/bon Q\ {0}.

Exercise 1.62. Determine which of the following sets are groups under the usual addition
operation.
(i) The set of rational numbers which, in lowest terms, have odd denominator, in-
cluding 0 € Q.
(ii) The set of rational numbers which, in lowest terms, have even denominator,
including 0 € Q.
(iii) The set of rational numbers which, in lowest terms, have denominator equal to 1
or 2, including 0 € Q.
(iv) The set of rational numbers which, in lowest terms, have denominator equal to 1,
2 or 3, including 0 € Q.
(v) The set {¢ € Q:|q| < 1}.
(vi) The set {¢ € Q: |q| > 1} U {0}.

Exercise 1.63. We set G := {z € C: 2" =1 for some n € N}.
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(i) Prove that G is a group under multiplication.
(ii) Is G closed under addition?

Exercise 1.64. We set Z[v2] := {a +bv/2:a,b € Z} and Q[v2] := {a +bV2 : a,b € Q}.
(i) Prove that both (Z[v/2],+) and (Q[v/2],+) are groups.
(ii) Prove that (Q[v/2]\ {0},-) is a group but (Z[v/2]\ {0},-) is not a group.

Exercise 1.65. Find the order of each element of Z/127Z.
Exercise 1.66. In (Z/12Z)*, find the order of [1], [-1], [5], [7], [-7], [13].
Exercise 1.67. In Z/36Z, find the order of [1], [2], [6], [9], [10], [12], [-1], [-10], [-18].
Exercise 1.68. In (Z/36Z)*, find the order of [1], [-1], [5], [13], [-13], [17].

In the following exercises, let G’ be a group.
Exercise 1.69. Prove that (g1g2...gn_19n)" ' = g;lggil .. .92_191_1 for any g1,...,9n € G.
Exercise 1.70. Prove that an element g of G satisfies g> = 1 if and only o(g) € {1,2}.
Exercise 1.71. Prove that if o(g) =n € N then g~ = g~

Exercise 1.72. Let z and y be elements of G. Prove that z commutes with y if and only
if y~lay = x, if and only if 2~y lay = 1.

Exercise 1.73. Let ¢ be an element of G and let a,b € Z. Prove that ¢*t® = ¢%¢® and
that (g%)° = g%.

Exercise 1.74. Prove that o(g) = o(g™!) for every g € G.

Exercise 1.75. Assume that G is a finite group and let ¢ € G be an element of odd order.
Prove that there exists k € N for which g = (¢%)*.

Exercise 1.76. Prove that o(z) = o(y~'zy) for all 2,5 € G. Deduce that o(gh) = o(hg)
for all g,h € G.

Exercise 1.77. Prove that if o(g) =n € N and n = st for s,t € N, then o(¢®) = t.
Exercise 1.78. Prove that if g = 1 for every g € G, then G is abelian.

Exercise 1.79. Let G and H be groups and let ¢ € G and h € H, so that (g,h) is an
element of G x H. Prove that o((g,h)) = lem(o(g),o(h)).

Exercise 1.80. Assume that G is a finite group of even order.
(i) Prove that {g € G : g # g~ !} has an even number of elements.

(ii) Prove that G has an element of order equal to 2.

Exercise 1.81. Prove that if o(g) = n € N then the elements 1,g,¢%, ...,¢g" ! are all
distinct. Deduce that for any element g of finite order one has o(g) < |G].

Exercise 1.82. Let g be an element of GG of finite order n.

(i) Prove that if n is odd then z° # 2~ for all 1 <i<n-1
(ii) Prove that if n =2k and 1 <i <mn — 1, then 2’ = 27" if and only if i = k.
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Exercise 1.83. Prove that if g is an element of G of infinite order, then the element g¢ for
a € Z are all distinct.

Exercise 1.84. Prove that if o(g) = n € N then {g%: a € Z} = {1,9,4°,...,g" '}.

Exercise 1.85. Let Q2 be a non-empty set and let P(£2) be the set of all subsets of Q2. We
define a binary operation x on P(£2) by setting S« 7 := (SUT) \ (SNT) for any subsets
S and T' of Q. Prove that (P(2),*) is an abelian group, and determine the order of each
element of P ().

Exercise 1.86. Let 0 € S5 be the permutation

1—3, 2—4, 3—5 4—2 51,
and let 7 € S5 be the permutation

1—5 2—3, 3—2, 4—4, 5—1.

Find the cycle decompositions of each of the following elements of Ss: o, 7, 02, oT, 70,

T20'.

Exercise 1.87. Let o € S5 be the permutation

1—13 2—~2 3—15 4—~14 5~10
6—6 7—12 8+—3 9—4 10—~1
11—=7 12—~9 13—~5 14—~ 11 15—~8

and let 7 € S5 be the permutation

1—14 2—9 3—10 4~ 2 512
6—6 T7—5 8—11 9—15 10— 3
11—-8 12—7 13—4 14—1 15+~ 13.

Find the cycle decompositions of each of the following elements of Si5: o, 7, 02, o1, 70,

7'20'.

Exercise 1.88. For each of the permutations whose cycle decomposition was computed in
the previous two exercises, determine its order.

Exercise 1.89. Determine the order of each element of S3 and the order of each element

of 54.
Exercise 1.90. Determine the order of (1, 12,8,10,4)(2,13)(5,11,7)(6,9) in Si3.
Exercise 1.91. Prove that the group Sy is infinite.

Exercise 1.92. Let 0 = (1,2,3,4,5,6,7,8,9,10,11,12) € S12. Compute o2, 03, 0* and o°.
Can you guess a characterisation of the positive integers n € N for which o” is a 12-cycle?

Exercise 1.93.

(i) If n is odd, prove that the identity is the only element of Ds, that commutes with all
elements of D,

(ii) If n is even, prove that the identity and r
with all elements of Ds,.

"/2 are the only elements of D,,, that commute
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Exercise 1.94. Recall that Fy := Z/27Z and that
Gla(F2) = {((Z Z) ta,b,c,d € Fay,ad — be # [0] in Fa}.
Write down all the elements of Gly(F2), compute the order of each of them, and determine
whether this group is abelian or not.
In the following exercises, F' is allowed to denote Q, R or C.
Exercise 1.95. Prove, by induction on n, that Gl,(F) is not abelian.

Exercise 1.96. Let
G = {(3 Z) ca,b,d € Fya#0,d # 0},

H::{<8 Z) ta,b € Fya#0}

J:z{(é ?):beF}.

Prove that all of G, H and J are closed under multiplication of matrices and that all of
(G,-), (H,-) and (J,-) are groups. Determine the order of every element of .J.

and

Exercise 1.97. Determine the order of each element of Qs.

Exercise 1.98. Assume that G = {1, a, b, ¢} is a group of order 4 and that G has no element
of order 4. Prove that G is isomorphic to Z/2Z x Z/27Z.

Exercise 1.99. Let f : G — H be a homomorphism of groups. Show that f(¢%) = f(g9)*
for every g € G and every a € Z.

Exercise 1.100.

(i) Give an example of two finite, non-trivial groups G and H, of a homomorphism f : G —
H, and of an element g € G for which o(f(g)) < o(g).

(ii) Give an example of two non-trivial groups G and H and of a homomorphism f : G — H
with the property that o(f(g)) < o(g) for every g € G \ {1}.

Exercise 1.101. Prove that Z and QQ are not isomorphic.

Exercise 1.102. Prove that G x (H x J) = (G x H) x J for any groups G, H, J. Prove
that G x H = H x G for any groups G and H.

In the following exercises we write Eg for Z /27 x Z/27 x 7./ 27.
Exercise 1.103. Prove that the groups
Z7)87, Z]AZ x 7./27Z, Eg, Ds and Qg
are pair-wise non-isomorphic.
Exercise 1.104. Prove that the groups
Z)247, 7J127 x Z.J27, Eg X Z/37Z, Dy and Sy

are pair-wise non-isomorphic.
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Exercise 1.105. Let G be a group. Prove that the (well-defined) function f : G — G given
by f(g) := g~! is a homomorphism if and only if G is abelian.

Exercise 1.106. Let G be a group. Prove that the (well-defined) function f : G — G given
by f(g) := ¢* is a homomorphism if and only if G is abelian.

Exercise 1.107. Let G be a group and let Aut(G) be the set of all isomorphisms G — G.
Prove that composition of functions o is a binary operation on Aut(G) and that (Aut(G), o)
is a group (the ‘group of automorphisms‘of G).

Exercise 1.108. Let A be an abelian group and fix k € Z.

(i) Prove that the function fi : A — A given by fi(a) := a* is a homomorphism.
(ii) In the case k = —1, prove that f_; is an isomorphism (and thus an ‘automorphism’
of A).
(iii) In the case A = Q, for which values of k is f; an automorphism of Q7

Exercise 1.109. Let G be a finite group and assume that there exists an f € Aut(G) with
the following properties:

(a) f(g) =g if and only if g = 1;
(b) (f o f)(g) =g for every g € G.

Prove that every element of G is of the form ¢! f(g) for some g € G. Then deduce that G
is abelian.

Exercise 1.110. Define an injective homomorphism f : Qs — Gla(C) that satisfies

f(i) = (? _\%) and f(j) = <(1) _01>
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2. SUBGROUPS
2.1. Definition and examples.

2.1.1. The definition. Among the subsets of a group G, we are interested in studying those
that are themselves groups under the same binary operation. This means that a subgroup
H of a group (G, «) will need to be defined to be a subset H that is closed under x, and so
that in addition (H,*) satisfies the group axioms.

As explained in Remark 1.2, if H is closed under x, then this binary operation on H is
automatically associative. We are therefore led to make the following definition:

Definition 2.1. Let (G, ) be a group and let H be a (non-empty) subset of G. We then
say that H is a subgroup of (G, «) if the following conditions are satisfied:

(S1) H is closed under .
(S2) The identity element eg of (G, *) belongs to H.
(S3) For every h € H, the inverse element h~! of h in G belongs to H.

Exercise 2.2. Prove that, under these conditions, the pair (H,x) is a group, with identity
element ey := eg, and all elements of which have the same inverse element in H as in G (so
the notation h~! is unambiguous). Prove that a subgroup of an abelian group is abelian,
and that a subgroup of a finite group is finite.

Notation 2.3. We often omit the binary operation from the notation and simply say that
H is a subgroup of G. However, one should not forget that whether a subset H of G
is a subgroup or not does depend on which binary operation we are considering G to be
equipped with.

We write (H, ) < (G, *) or, more often, simply H < G, to indicate that H is a subgroup
of G. We say that H is a strict, or proper, subgroup of G if it is a subgroup that is a strict
subset of G (obviously, G is always a subgroup of G). We feel free to write H < G if we
know that H is a strict subgroup of G, and we write H < G if we want the notation to
specify that H is a strict subgroup of G. We write H £ G to indicate that a certain subset
H of a group G is not a subgroup of G.

The subset {eq} is always a subgroup of G. We often just write 1 (or 0 if we are using
additive notation) to denote this subgroup.

Exercise 2.4. Show that < is a transitive relation on the set of subsets of G.

2.1.2. Alternative definitions. Although the Definition 2.1 of subgroups is more intuitively
clear and leads to an immediate resolution of Exercise 2.2, a closer look at the conditions
quickly shows that (S2) is redundant! We obtain the following alternative definition.

Lemma 2.5. Let (G,*) be a group and let H be a (non-empty) subset of G. Then H is a
subgroup of (G, *) if and only if conditions (S1) and (S3) are satisfied.
Proof. Tt is trivial that if conditions (S1), (S2) and (S3) are satisfied, then conditions (S1)
and (S3) are satisfied. We must therefore only prove the converse by showing that if
conditions (S1) and (S3) are satisfied, then so is condition (S2).

Since H is non-empty, we may fix an element h of H. By (S3) we know that the inverse
element h~! of h in G also belongs to H. But then, by (S1) we know that eg = hx h™*
belongs to H, as required. O
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We can also try to shorten the definition of a subgroup even further, by synthesizing
conditions (S1) and (S3) into a single condition as follows.

Lemma 2.6. Let (G,*) be a group and let H be a (non-empty) subset of G. Then H is a
subgroup of (G,*) if and only if the following condition holds:

(S") For all x and y in H, the element x xy~"' belongs to H.

Proof. We use Lemma 2.5, so we only need to show that conditions (S1) and (S3) hold if
and only if condition (S’) holds.

Fix  and y in H. If condition (S3) holds then y~! belongs to H and if condition (S1)
also holds we thus get that z xy~! belongs to H. So condition (S').

To prove the converse we assume that (S’) holds. Since H is non-empty, we may fix an
element z of H. Then eg = z x 27! belongs to H by (S') applied with = z and y = z.

Let now h be an arbitrary element of H. Then h™! = eg x h™! belongs to H, by ()
applied with x = e and y = h. So condition (S3) holds.

Finally, to deduce that (S1) holds we fix any elements h and j of H. Then, since we have
already proved that (S3) holds, we know that j~! belongs to H. But then hxj = h*(j~1)~!
belongs to H, by (S') applied to = h and y = j~!. This proves that condition (S1) holds
and thus completes the proof.

]

In the case of finite subsets H, checking the subgroup conditions becomes essentially
trivial.

Lemma 2.7. Let (G,*) be a group and let H be a (non-empty) finite subset of G. Then H
is a subgroup of (G,*) if and only if it is closed under *.

Proof. We assume that H is closed under x and, by Lemma 2.5, only need to prove that
condition (S3) is valid.

We fix an element h of H. We must prove that A~ belongs to H. Now, because H is
closed under x, all of the elements of the sequence

(10) h,h% b3, h%, ...

belong to H. Since H is finite, we must have h™ = h™ for some natural number n and m
with n # m. Without loss of generality, we have n < m. We set r :=m —n € N. Then

hxh™ L =R =R = ™ x b = A (W) = "k (B") 7! = e

Therefore h~! = h"~! which, as an element of the sequence (10), belongs to H. This proves
that condition (S3) holds, as required. O

2.1.3. Intersections and examples.

Exercise 2.8. Let {H; : i € I} be a (non-empty) set of subgroups of a group G. Prove
that the subset (,c; H; of G is a subgroup.

Exercise 2.9. Let H and K be subgroups of G. Prove that H N K < H (hence also
HNK<K).
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Example 2.10. We will determine all the subgroups of each of the groups G := Z/4Z and
J :=7/27 x 7Z/27Z. Obviously 0 and G are subgroups of G while 0 and J are subgroups of
J.

If H # G is a subgroup of G, it can not contain [1], because then [2] = [1] + [1], and
hence also [3] = [1] + [2], would have to belong to H, and this would contradict H # G. It
also can not contain [3], because then [2] = [3] + [3], and hence also [1] = [3] + [2], would
have to belong to H. So the only non-trivial possibility for H is H := {[0], [2]}. This set is
indeed a subgroup of G, as [2] + [2] = [0] and —[2] = [2]. So there exist three subgroups of
G:

0,H := {[0],[2]} and G.

If H # J, we claim that it can not contain three distinct elements. That is, we claim
that [H| # 3, so |H| < 2. To prove this, we note that ([0],[1]) + ([1],[0]) = ([1], [1]), that
([0], [1]) + ([1], [1]) = ([1],[0]) and that ([1],[0]) + ([1],[1]) = ([0], [1]). So, if H contained
([0],10]) and then also two of the elements ([0],[1]), ([1],[0]) and ([1],[1]), it would have to
contain the third one, contradicting H # J.

So the only non-trivial possibilities for H are the subsets of cardinality 2 containing
the identity, namely Hy = {((0],[0)), (0], (1))}, Ha = {([0],[0]), (1], 0])} and Hz i
{([0], [O]), ([1],[1])}. Tt is easy to verify that Hy, Hyo and Hj are subgroups of J. So there
exist five subgroups of J:

O,Hl,HQ,Hg and J.

Exercise 2.11. Determine which of the given subsets of a given group is a subgroup:

(i) The subset N of the group Z.
(ii) The subset Z of the group Q.
(iii) The subset Q of R.

(iv) The subset (2Z + 1) U {0} of Z.

v) The subset 2Z of Z.

(vi) The subset nZ := {nz: z € Z} of Z, for n > 3.
(vii) The subset Z \ {0} of Q*.
(viii) The subset Q* of R*.

(ix) The subset {£1} of Q*.

(x) The subset { + zi: 2 € R} of C.

(xi) The subset {x € R: 2? € Q} of R.
(xii) The subset {z € C: |z| = 1} of C*.
(xiii) The subset of rational numbers which (in lowest terms) have even denominator, of

the group Q.
(xiv) The subset of rational numbers which (in lowest terms) have odd denominator, of
the group Q.
(xv) The subset {z € R* : 2% € Q} of R*.
(xvi) The subset of 2-cycles in Ss.
(xvii) The subset of 2-cycles in S,,, for n > 4.
(xviii) The subset S(w) := {0 € Sq : 0(w) = w} of Sq, for a fixed non-empty set 2 and a

fixed element w of 2.
(xix) The subset {1,7,72 ..., 771} of Dy,.
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(xx) The subset {1,172, s,s7%} of Ds.
(xxi) The subset {1,72, sr,sr3} of Ds.
(xxii) The subsets G, H and J of Gla(F) that are defined in Exercise 1.96.

2.1.4. The kernel and the image of a homomorphism. We now see how every homomorphism
of groups f : G — J has some important associated subgroups of G and of J.

Definition 2.12. Let f: G — J be a homomorphism of groups. We define a subset
ker(f):={9€G:f(9g)=es} CG

of G and a subset
m(f):=f(G)={f(9):9€G} S J
of J. These are the ‘kernel’ and the ‘image’ of f, respectively.

Proposition 2.13. Let f : G — J be a homomorphism. Then:
(i) im(f) is a subgroup of J.
(ii) ker(f) is a subgroup of G.
(iii) The function f is injective if and only if ker(f) = 1.
(iv) The homomorphism f is an isomorphism if and only if one has both ker(f) =1 and

im(f) =J.

Proof. We often use Lemma 1.48 which states that f(1) = 1 and also that f(g)~' = f(g™!)
for every g € G.

The set im(f) is non-empty because and contains 1 = f(1). One has f(g1)f(g2) =
f(g192) € im(f), so im(f) is a closed subset of J. In addition, for any g € G one has
flg)~t = f(g7!) €im(f), so im(f) contains the inverse of any of its elements. This proves
claim (i).

The set ker(f) is non-empty and contains 1. Now, if f(g1) = 1 and f(g2) = 1 then
flg192) = f(g1)f(g2) = 1-1 =1, so g1g2 belongs to ker(f). This shows that ker(f) is a
closed subset of G. In addition, if f(g) =1 then f(g~') = f(g)~' =17t =1, s0 g~ ! belongs
to ker(f). This shows that ker(f) contains the inverse of any of its elements. This proves
claim (ii).

We now consider claim (iii). It is clear that if f is injective then ker(f) = 1, as it
contains 1 but could not contain more than one element. To prove the converse we assume
that ker(f) = 1, and then also that f(g1) = f(g2). But then

Flaro5 ") = Flg)flas ") = F(g)f(g2) ™" = Flga)flga) ™ =1,

SO 91951 € ker(f) = 1. It follows that glggl = 1 and then that g; = gs. This proves that f
would be injective, as required.
Claim (iv) follows immediately from claim (iii). O

Remark 2.14. Since 1 always belongs to ker(f) by Lemma 1.48, in the setting of claim (iii)
it is enough to verify that f(g) # 1 for every g # 1 in order to conclude that f is injective.

Notation 2.15. If f : G — J is a homomorphism of groups and H is a subgroup of G that
is clear from context, we will sometimes abbreviate the restriction f |z of f to H to the
notation f*.
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Lemma 2.16. Let f : G — J be a homomorphism and let H be a subgroup of G. Let also
K be a subgroup of J which satisfies im(f) C K. Then:
(i) f*: H — J is a group homomorphism.
(ii) f: G — K is a group homomorphism.
(iii) ker(f*) =ker(f) N H, so in particular ker(f*) is a subgroup of ker(f).
(iv) im(f*) is a subgroup of im(f).

Proof. Claim (i) is clear, as f*(hh') = f(h)f(R') = f(h)f(h') = f*(h)f*(h) for any h,h' €
H. Claim (ii) is also obvious.

If = belongs to ker(f*) then x belongs to H and f(z) = f*(x) = 1, so h belongs to ker(f).
This shows that ker(f*) C ker(f) N H.

If h belongs to ker(f) N H then f*(h) = f(h) =1, so h belongs to ker(f*). We conclude
that ker(f*) = ker(f) N H.

Now the proved equality implies, by Exercise 2.9, that ker(f*) is a subgroup of ker(f).

Clearly

im(f*) = f*(H) = f(H) € f(G) = im(f).
We know from Proposition 2.13(i) that im(f) is a subgroup of J. Thus we can apply claim
(ii) to f*: H — J, and with K = im(f), to deduce that

£ 0 H — im(f)

is a group homomorphism. By applying Proposition 2.13(i) again to this displayed homo-
morphism, we find that im(f*) is a subgroup of im(f). O

2.2. Cyclic groups and cyclic subgroups.

2.2.1. The subgroup generated by a subset of a group. You have surely encountered in Linear
Algebra the notion of the subspace generated by a subset of a vector space. You may recall
that if S is a subset of a vector space V' (over a field F'), then (S) is the smallest, or more
accurately the unique minimal, subspace of V' which contains S. You may also recall that
(S) can be explicitly computed as the linear span {fisi+...+ fasn :n € Nys; € S, f; € F}
of S. In other words, by allowing any combination of the structural operations of V' to be
applied to elements of S.
We will now formalise the analogous notion in the theory of groups.

Definition 2.17. Let G be a group and let .S be any subset of G. Then the ‘subgroup of
G generated by S’ is

(S) := ﬂ H.
SCH<G
Here the intersection runs over all subgroups of G which contain S. Clearly, S C (S) C G.
By Exercise 2.8, we know that (S) is a subgroup of G.
Exercise 2.18. Prove that, if S is a subgroup of G, then (S) = 5.

It should be clear that the above definition of (S) formalises the intuitive idea of smallest
subgroup of G’ which contains S: (S) is the unique minimal element of the set {H < G :
S C H}, ordered by inclusion.
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However, we will now give alternative constructions (S) which will be more useful when
trying to explicitly determine this subgroup in any given example.
In order to do this, for a subset S of a group G, we set
S = {50152 ... 88" meN,q; € Z,8; € S},
S = {71852 ...spm meN,a; €Z,s; €S, # Sit1},
S = {s]'s?...s" mm e N,vy; € {£1},s, € S}.

If S is the empty set, we take the convetion of letting any of these sets be the trivial
subgroup {1} of G.
Proposition 2.19. Let G be a group and let S be any subset of G. Then
($)=5=8=25.
Proof. Because s*s® = s*T® for any s € S and any a,a’ € Z, it is clear that § = S.
Because s® may be expressed as s7...s7, with v = 1 if « is a positive integer or with

v = —1if a is a negative integer, it is clear that S=25. B

It is therefore enough to prove that (S) = S and, to do this, we must first prove that S
is a subgroup of G. Let z = s]'s3?...s)"'s;” and y = t‘fl th .. .t%_’f tf,;” be elements of S.
Then

y L= om0y
by Exercise 1.69 so

-1 _ 71,72 Yn—1 Yn1—0 —0m—1 —02,—01
TY T =81 Sg .S, 1 S by Tty

Clearly zy ' is an element of S , SO Sisa subgroup of G, by Lemma 2.6.

To prove that S = (S) we first observe that any element s = s! of S belongs to S , SO S
is a subgroup of G which contains S. From the definition of (S) we immediately get that

(S)yCS.

To prove the converse inclusion, it is enough to note that, since (S) is a subgroup of G
that contains S, it must contain every expression of the form s]'s3*...s}y". It is then clear
that S C (S) so we finally deduce that S = (S), as required. O

Notation 2.20. Given the claim of Proposition 2.19, we abandon the notations S, S and
S and only use (S) in the sequel. For a finite set {si,...,sr}, we abbreviate ({s1,...,sx})
to (s1,...,sk). Given sets S and T we sometimes write (S,T') in place of (SUT).

Example 2.21. In the group Z we have (1) = Z. We also have (—1) = Z. In fact, one
has (S) = Z for any subset S of Z that contains either 1 or —1. For example, (N) = Z.
However, (2) = 2Z < Z.

Example 2.22. We use the notation of Example 2.10.
We first consider the group G := Z/4Z and the subgroup H := {[0],[2]} of G. Then we
have

and also
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We now consider the group J := Z/27Z x Z/27 and the three non-trivial subgroups
Hy, Hs, Hs of J that are defined in Example 2.10. Then we have

(o], 1)) = Hy, ([, [0) = Ha,  (([1),[1])) = H3

and also

(C[03, [, ([l fon)) = (o1, (1), (O], 1)) = ([, [oD), (111, (1)) = ({01, (1), (1, [0]), (1], [1])) = /.

Example 2.23. The description (6) shows that, in Dy, the subgroup (r,s) is equal to
Dy,,. If we also put a = s and b = rs, then clearly (a,b) C (r,s). But since r = ba, we also
have (r,s) C (a,b), so (a,b) = Da,. Note however that the element sr of Dy, is not of the
form a®b® for any a, 3 € Z. This illustrates the fact that, in the alternative descriptions
of (S) given in Proposition 2.19, we always allow elements to be repeated in the relevant

expressions. One does have sr = aba.

Exercise 2.24. In G = Gl3(R) we set

A‘:G é) B::<1(/)2 g)

Find o(A) and o(B), and prove that the subgroup (A, B) of G is infinite.

2.2.2. Definition and first properties. Cyclic groups form a very special class of groups,
which have particularly simple properties. These are the groups that can be generated by
a single element (or, strictly speaking, by a set with a single element).

Definition 2.25.

(i) A group G is cyclic if there exists an element g in G with the property that (g) = G.
(ii) Any element g which satisfies (g) = G in a cyclic group G is called a generator of G.
We also say that g generates G.

(iii) Let G be any group. Then H is called a cyclic subgroup of G if it is both a subgroup
of G and a cyclic group.

Lemma 2.26. A group G is cyclic if and only if there exists an element g in G with the
property that {g® : a € Z} = G.

Proof. Proposition 2.19 states that (g) = {;} = {¢9* : a € Z}, and the lemma then becomes
immediate from the definition of a cyclic group. O

Corollary 2.27. Fvery cyclic group is abelian.

Proof. Let G be a cyclic group and let g be a generator of G. Then for any x,y € G, Lemma
2.26 implies that = = g% and y = ¢° for some a,b € Z, and we find that

Ty = gagb — ga+b — gb-I—a — gbga = yz,
as required. Here the second and fourth equalities hold by Exercise 1.73. U

Exercise 2.28. Let G be a cyclic group and let g be a generator of G. Prove that g~ ! is

a generator of G.

Example 2.29. Clearly Z is a cyclic group generated by 1. It is also generated by —1.
However, there are no other generators of Z: one has (b)) = {a-b:a € Z} = bZ = |b|Z,
which is strictly contained in Z if b # 1, —1.
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Example 2.30. We use the notation of Examples 2.10 and 2.22. The group G = Z/4Z is
cyclic, and both [1] and [3] are generators of G. The element [2] is not a generator of G,
but the subgroup H := {[0], [2]} of G is also cyclic, and [2] is a generator of H.

The group J := Z/27 x 7Z/2Z is not cyclic. However, all three of the subgroups Hy, Ho
and Hj of J are cyclic, with the respective generators given in Example 2.22. But this fact
also implies that no element of J generates all of J, which is how we deduce that J is not
a cyclic group.

Exercise 2.31. Prove that the group Z/nZ is always cyclic. Find all generators of the
cyclic group Z/6Z.

Exercise 2.32. In the group G := (Z/5Z)* = {[1],[2],[3], [4]}, prove that
(M) =A0ny, (2h=6, Bh=aG, (M) ={01][4]}
Exercise 2.33. In Dg, prove that 7% =7 and that »—%2 = 2. Is the group Dg cyclic?

2.2.3. Order of cyclic groups. Before stating our first result relating cyclic group orders to
element orders, we require the following auxiliary results which are very important in their
own right.

Lemma 2.34. Let G be a group and let h be an element of G.

(i) If h has finite order n, then the elements 1,h,h? h3,... "1 of G are distinct.
(ii) If h has infinite order, then h® # hb for any integers a,b with a # b.

Proof. We argue by contradiction. To prove claim (i), suppose that h® = h® with a,b €
{0,1,2,3,...,n — 1} and with a # b. Without loss of generality, assume that a < b. Then

(11) W= = hPh= = hP(h) "t = hP(W*) Tt =1
But 1 <b—a <n — 1, which contradicts the fact that n is the order of h.
To prove claim (ii), suppose that h* = h® with a,b € Z and with a # b. Without loss

of generality, assume that a < b. Then the same equality (11) shows that h®~% = 1 with
1 < b — a, which contradicts the fact that i has infinite order. O

Proposition 2.35. Let G be a group and let h be an element of G. If h* =1 = h® with
a,b € Z, then h® = 1 for d = (a,b). In particular, if h® = 1 for some c € Z, then o(h)
divides c.

Proof. By the Euclidean Algorithm, there are r and s in Z for which d = ar + bs. It follows
that

hd — har+bs — harhbs — (ha)r(hb)s = 1715 =
as required.

To prove the second claim let h® = 1. If ¢ = 0 then clearly o(h) divides ¢. We assume
that ¢ # 0. Then h must have finite order, and we set n := o(h) € N. Let d := (¢, n), so we
know that h¢ = 1. Since n is the order of h, we cannot have d < n. But 1 < d < n, so we
find that d = n. In particular, o(h) = n = d = (d, ¢) divides ¢, as required. O

We may now directly relate the order of an element with the order of the group it
generates. Please note that this result fully justifies the use of the term ‘order’ in Definition
1.15 (ii).
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Proposition 2.36. Let G be a group and let h be an element of G. Set H := (h). Then h
has finite order if and only if H is finite, and there is an equality o(h) = |H|. In addition:
(i) If H has order n € N, then h™ = 1 and 1,h,h? h3,... R are all the distinct

elements of H.
(ii) If H is infinite then K™ # 1 for each m € Z and h* # h® if a # b.

Proof. We first assume that h has finite order n € N. By Lemma 2.34 (i), the elements
1,h,R?,h3,... A" are all distinct. We must prove that H has no other elements, to
deduce that |H| = n. By Proposition 2.19, it is enough to show that h® belongs to
{1,h,h% K3, ... h" 1} for every a € Z.

To do this we use the Division Algorithm to write a = ng + k with 0 < k <n — 1. Then

B — hnq+k _ hnqhk _ (hn)qhk _ 1qhk _ 1hk _ hk,

as required.

Finally, we now assume that A has infinite order. Then Lemma 2.34 proves tat H is
infinite and also all of the additional claims.

It is furthermore now clear that h has finite order if and only if H is finite. O

The next result shows that, in fact, the structure of a cyclic group is completely deter-
mined by its order.

Theorem 2.37. Any two cyclic groups of the same order are isomorphic. Moreover, if G
and J are two cyclic groups of the same order, then for any generators x of G and y of J,
the function

foy G —J

defined by setting fy (x*) == y® for each a € Z, is a well-defined isomorphism.

Proof. We fix x and y. If G and J are both infinite, then = has infinite order by Proposition
2.36, and hence f, , is well-defined by Lemma 2.34 (ii).

If both G and J are finite of order n € N, to prove that f, , is well-defined, we fix a,b € Z
with 2% = 2°, and we must prove that y® = y°.

Since 2¢7% = 1 by the same argument as in (11), Proposition 2.35 then implies that n
divides a — b. But if a — b = nq then y® = y"9+° = (y")4yb = 19y® = ¢®, as required.

We have proved that f; , is well-defined in either case. Now if g = 2% and g = 2’ are
any elements of G, then

fm,y(9192) = fw,y(xaxb) = fz,y(xa+b) = ya+b = yayb = fm,y(xa)fz,y(xb) = fr,y(gl)fm,y(g2)7

s0 fz,y is @ homomorphism.
It is finally very easy to deduce from Proposition 2.36 that f,, is both surjective and
injective, hence also an isomorphism. O]

Corollary 2.38. The following claims are valid.
(i) If G is a cyclic group of infinite order, then Z = G.
(ii) If G is a finite cyclic group of order n, then Z/nZ = G.

Proof. This result is immediate upon combining Theorem 2.37 with Example 2.29 and
Exercise 2.31. i
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Notation 2.39. We denote by C,, the isomorphism class of Z/nZ. By abuse of notation,
when we do not need to distinguish between isomorphic groups, we sometimes refer to C,
as ‘the cyclic group of order n’. However, when we use C),, to denote a group, we always
use multiplicative notation!

Proposition 2.40. Let G be a group, let g be an element of G and let k be a non-zero
integer.

(i) If g has infinite order then g* has infinite order.

(ii) If g has finite order then

k o(g)
o(g") = —<75-
(o(g), k)
Proof. To prove claim (i) we argue by contradiction. Suppose that g has infinite order but
o(g*) = m € N. Then

and also
—km

g "=y
One of km or —km must be positive,so the corresponding displayed equality contradicts
the fact thet g has infinite order.
To prove claim (i) we set h := ¢g* n := o(g) and d := (n, k), so we must prove that
o(y) =n/d.
Let k = da and n = db for integers a, b with b > 0. We must prove o(y) = b. We note for
later use that

(12) (a,b) =1

by definition.
We first compute that

yb _ gkb — gdab — (gdb)a — <gn)a — 1% — 17
so Proposition 2.35 implies that o(y) divides b. It will be enough to prove that b divides

o(y).
But

gkO(y) — (gk)O(y) _ yO(y) =1,

so Proposition 2.35 also implies that n divides ko(y), which means that db divides dao(y),
which means that b divides ao(y). But this last fact combines with (12) to imply that b
divides o(y), as required to complete the proof. O

Corollary 2.41. Let G be a finite cyclic group and let g be a generator of G. Then g* is
a generator of G if and only if (k,0(g)) = 1.

Proof. Proposition 2.36 states |G| = o(g) and also that the subgroup Hj, := (g*) of G has
order |Hy| = o(g").

Since |Hy| < |G|, we see that g¥ is a generator of G if and only if o(g¥) = o(g). By
Proposition 2.40, this last condition holds if and only if (k,0(g)) = 1, as required. O

Exercise 2.42. Determine the set of generators of the cyclic group Z/127Z.
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Exercise 2.43. Let G be an infinite cyclic group and let g be a generator of G. Prove that
the set of generators of G is equal to {g,g7'}.

2.2.4. Subgroups of cyclic groups. The following result gives a complete description of the
subgroups of a cyclic group.

Theorem 2.44. Let G be a cyclic group.

(i) All subgroups of G are cyclic. Moreover, if H # {1} is a subgroup of G, g is a
generator of G and d is the smallest natural number for which g¢ belongs to H, then
g% is a generator of H.

(ii) If G is finite, then for every natural number d that divides |G|, there is a unique
subgroup of G of order d. Moreover, there is a bijection between the set of subgroups
of G and the set of natural numbers that divide |G| (so there are no additional
subgroups of G ).

(iii) If G is infinite, then every nontrivial subgroup of G is infinite, and there is a bijection
between the set of nontrivial subgroups of G and the set N.

Remark 2.45. Fix a generator g of G. Then in the setting of claim (ii) and for each natural
number d that divides |G|, the element g!Gl/? is a generator of the subgroup of G that has
order d (you may use claim (i) to prove this).

Proof. Since {1} = (1) is always a cyclic group, to prove claim (i) it is enough to consider a
nontrivial subgroup H of G. We also fix a generator g of G. Then any non-trivial element
h of H is of the form ¢ for some a # 0, and h™! = ¢g~% must also belong to H. Since
H # {1}, the set

P:={beN:g’c H}
is therefore non-empty. As in the statement of claim (i) we may then set
d := min(P).

We must prove that g¢ generates H.

Since g¢ belongs to H, we know that (g?) is contained in H. To prove the converse
inclusion, let h be an element of H. Then h = ¢g® for some integer a, and by the Division
Algorithm we may write a = gd + r for 0 <r < d — 1. Then

g =g""" = g*(¢") " = h(g") "1

belongs to H, because both h and g% belong to H.

By the minimality of d, this means that = 0. But then a = gd so h = ¢* = (¢%)? belongs
to (g%). We have proved the reverse inclusion, so H = (g%) is cyclic. This completes the
proof of claim (i).

To prove claim (ii) we assume that G is finite with n := |G|, we fix a generator g of G
and a natural number d that divides n. We set k := n/d. Then Proposition 2.40(ii) implies
that o(¢¥) = n/(n,n/d) = n/(n/d) = d so Proposition 2.36 implies that H; := (g*) has
order d.

We must show that Hy is the unique subgroup of G of order d. Let K be such a group.
By claim (i) we know that K = (g®) where b is the smallest natural number for which g
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belongs to K. By Proposition 2.40(ii) we also know that
n n

- K| = [{g")] = olg”) D)

so k = (n,b). Therefore k divides b, say b = kq, so g® = (¢*)? belongs to (¢*) = H, and

therefore

K =(¢") C Hy.
Since K and Hj have the same order, they must be equal. This proves the uniqueness of
Hy.
To prove the final assertion of claim (ii), we must show that the order of every subgroup
of G must divide |G|. Let J be a subgroup of G. By claim (i) we know that J = (¢") for
some integer m. But then

(o(g),m) (1G], m)’
which divides |G| as required. Here we have used Proposition 2.40(ii) and Proposition 2.36.
The proof of claim (iii) is similar, and we leave it as an exercise for an interested reader.

0

Exercise 2.46. In G = Z/12Z, show that [1], [5],[7] and [11] are all generators of G. Find
the set of generators of the subgroup of G of order 6, the set of generators of the subgroup of
G of order 4, the set of generators of the subgroup of G of order 3 and the set of generators
of the subgroup of G of order 2.

2.3. Lagrange’s Theorem. You may have noticed that in the examples of a finite group
G we have encountered so far, each element we have considered has order dividing |G|. And,
more generally, that each subgroup we have considered also has order dividing |G|. In this
section we will formalise this intuition thanks to Lagrange’s Theorem.

2.3.1. The cosets of a subgroup.

Definition 2.47. Let G be a group and let H be a subgroup of G. For any element g of
G, the set
gH :={gh:he H}
is called a left coset of H in G. For any element g of GG, the set
Hg:={hg:he H}
is called a right coset of H in G.

Notation 2.48. If G = (G, +) is a group for which we use additive notation, then we shall
often write g + H for the left coset gH and H + ¢ for right coset Hg.

Example 2.49. We consider the group G = Z together with the subgroup H = 5Z. Then
we have

0+5Z=5Z={5a:a€Z}=>52+0,
1+5Z={14+ba:a€Z}=5Z+1, 245Z={2+5a:a€Z}=>5Z+2,
3+5Z={3+ba:a€cZ}=>5Z+3, 44+5Z={4+5a:a €L} =5Z+4.
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It is also easy to see that, for any 0 < r < 4 and any ¢q € Z, one has
(5¢+71)+5Z =r+5Z=5Z+r=>5Z+ (5q+r).

Exercise 2.50. We consider the group G = Dg together with the subgroups H = {1,r,7?}
and H' = {1, s}. Verify that we have the following equalities:
(i) 1H—T’H—T2H=H:H7’2:HT’:H1.
(i) sH = (sr)H = (sr?)H = {s,sr,sr?} = H(sr?) = H(sr) = Hs.
(iii) IH’*sH’ H’ H's = H'1.
(iv) rH' = (sr?)H' = {r, sr?}.
(v) r?H' = (sr)H' = {r? sr}.
(vi) H'r = H'(sr) = {r, sr}
(vii) H'r? = H'(sr?) = {r?, sr?}.

Remark 2.51. Please note from the above exercise that, for instance, rH' # H'r. However,
as we will see shortly, not only do both left and right cosets have the same cardinality as
the subgroup they are associated to, but also they each define partitions of the group G.
But these may be two different partitions!

Exercise 2.52. Construct a surjective homomorphism Dg — Z/2Z. Convince yourself that
there does not exist a surjective homomorphism Dg — Z/37Z.

Lemma 2.53. The sets H, g1 H and H gy have the same cardinality, for any elements g1, go
of G.

Proof. If we fix g1 € G, then the function fg, : H — g1 H, defined by setting fy, (h) :==g1-h
for each h € H, is a well defined bijection. Indeed, it is clearly surjective, and also injective
by the cancellation property Proposition 1.11. Alternatively, it admits an inverse function
defined by left-multiplication by g; L

This shows that H has the same cardinality as g1 H for any g1 € GG. The proof that H
has the same cardinality as Hgs for any g9 € G is identical. O

Definition 2.54. Let GG be a group and let H be a subgroup of G. We define a binary
relation on G by saying that an element z of G is ‘congruent modulo H’ (or ‘related modulo
H’) to an element y of G, if the element 3!z belongs to H.

If x is congruent modulo H to y then we write

x=y (mod H)
or simply z =y (H) or even z =p v.

Proposition 2.55. Let G be a group and let H be a subgroup of G. Then the relation of
Definition 2.54 is an equivalence relation and, for any g € G, the equivalence class [g]g of
g under this relation is equal to gH .

Proof. The relation is reflexive because z~*

any z € G.

Assume that © =y (H), so y~ "z belongs to H. Since H is a subgroup, we then know
that (y~'2)~! belongs to H. But (y~'z)~! = 27!y (by Proposition 1.11), so y = = (H).
The relation is thus symmetric.

x = 1 belongs to H, since it is a subgroup, for

1
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Assume that x =y (H), so y~ 'z belongs to H, and also that y = z (H), so 2~ 'y belongs
to H. Since H is a subgroup we get that (27 'y)(y~'2) belongs to H, and this element is
clearly equal to z~!z. Therefore z = z (H), so the relation is transitive.

Let now g be any element of G. The equivalence class [g]g of ¢ is by definition

{reG:z=g (H)}={zcG:g 'z c H.

But g~ 'x belongs to H if and only if 2 belongs to gH, so we find that [g]ly = gH, as
required. O

Corollary 2.56. Let G be a group and let H be a subgroup of G. Then the set of left cosets
of H in G is a partition of G.
Furthermore, xtH = yH if and only if x =y (H).

Remark 2.57. We deduce that gH = H if and only if g belongs to H.

Exercise 2.58. It is clear from Example 2.49 that for integers z and y, one has z =
y (mod 5Z) if and only if x = y (mod 5). Show that, for any natural number n, one has
x =y (mod nZ) if and only if z =y (mod n).

Remark 2.59. One can define a different equivalence relation than the one in Definition
2.54 that has the property that, for any element g of G, the equivalence class of g is equal to
Hg. We emphasize again that, in general, this relation would be different and hence would
give a different partition of G. However one again has Hg = H if and only if g belongs to
H.

Exercise 2.60. Can you give an explicit definition of an equivalence relation that has the
property described in Remark 2.597

2.3.2. Lagrange, Fuler, Fermat, Cauchy. We may now easily prove Lagrange’s Theorem by
using the properties of left cosets (an analogous argument may also be developed through
the use of right cosets).

Theorem 2.61. Let G be a finite group and let H be a subgroup of G. Then the order of H
divides the order of G. In addition, the number of left cosets of H in G is equal to |G|/|H|.

Proof. By Corollary 2.56 we know that the set of left cosets of H in G is a partition of the
finite group G. Explicitly, this means that there is a natural number m, the number of left
cosets of H in GG, and elements g1, ..., gn of G, with the properties that

1<i<m
and that (g;H) N (gxH) = 0 whenever j # k.
We only need to show that |G| = m|H| in order to complete the proof. We know from the
above description of G that |G| =3, [9:H| (here we have used the fact that the given

cosets are disjoint). But Lemma 2.53 states that |g;H| = |H| for each i, so we conclude
that |G| =3, <;<,, |H| = m|H]|, as required. O

Example 2.62. You checked in Exercise 2.50 that in G = Dg, a group of order 6, the
subgroup H = {1, 7,72} has 2 left cosets, namely H itself and {s, sr, sr?}. You also checked
that the subgroup H' = {1, s} has 3 left cosets, namely H', {r, sr?} and {r2, sr}.
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Definition 2.63. Let G be a group and let H be a subgroup of G. The number of left
cosets of H in G is called the ‘index’ of H in G and is denoted by [G : H] (or sometimes
|G : H| or (G : H)). We say that this index is finite or infinite depending on whether this
number is finite or not.

Remark 2.64. It is easy to see, by using Lemma 2.53 and Remark 2.59, that the index of
H in G is equal to the number of right cosets of H in G.

Remark 2.65. Lagrange’s Theorem implies that if G is a finite group, then any subgroup
H of G has finite index in G equal to |G|/|H|. However if G is an infinite group, then there
exist subgroups of G that have finite index and subgroups of G that have infinite index.
For instance, the subgroup H = G of G always has finite index equal to 1 in G, while the
subgroup H = {1} has infinite index in G.

Exercise 2.66. How many subgroups of Z have infinite index? And, for each natural
number n, how many subgroups of Z have finite index equal to n?

Corollary 2.67. Let G be a finite group. Then for every g € G, the order o(g) of g divides
|G|. In particular, g€l = 1.

Proof. By Proposition 2.36 we know that o(g) = |(g)|, so Lagrange’s Theorem implies that
o(g) divides |G|. The equality g!¢! =1 is an immediate consequence. O

Exercise 2.68.
(i) Prove Euler’s Theorem, stating that if n is a natural number and a is an integer coprime
to n, then

a?™ =1 (mod n),
where ¢ denotes Euler’s function.
(ii) Prove Fermat’s Little Theorem, stating that if p is a prime number and a is an integer
with p t a, then

a?'=1 (mod p).

Corollary 2.69. Let G be a finite group whose order is a prime number. Then G is cyclic.
In particular if |G| = p is prime then G has isomorphism class Cp.

Proof. Let g be any element of G that is different from 1 (if G = {1} then |G| is not prime).
Then o(g) > 1. By Corollary 2.67, o(g) divides |G|, which is prime, so in fact o(g) = |G|.
By Proposition 2.36 we therefore know that the subgroup (g) of G has order equal to
|G|. Therefore we must have (g) = G, which means that G is cyclic.
The final assertion is immediate from Corollary 2.38 (ii), which allowed us to introduce
C) in Notation 2.39. u

Remark 2.70. The full converse to Lagrange’s Theorem is not true. There exist finite
groups G and natural numbers n dividing |G| with the property that G has no subgroup of
order n. We will see explicit examples in the next section. There are, however, some partial
converses to Lagrange’s Theorem, that we will prove below. For instance:

(i) If G is a finite abelian group and n divides |G| then G has a subgroup of order n.

(ii) If G is a finite group and p is a prime divisor of |G|, then G has a subgroup of order
p (which is necessarily cyclic by Corollary 2.69). This result is known as Cauchy’s
Theorem.
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2.4. (More) Exercises. Don’t forget to think about the exercises given throughout the
rest of section 2.

Exercise 2.71. Give an example of a group (G, *) and of a subset H of G that is closed
under x but is not a subgroup of G

Exercise 2.72. Let G be a group of finite order n > 2. Prove that G can not have a
subgroup of order n — 1.

Exercise 2.73. Let A be an abelian group and set Aoy := {a € A : 0(a) < oo}. Prove that
Aior is a subgroup of A. This subgroup is called the ‘torsion subgroup’ of A.

Exercise 2.74. Let A be an abelian group and n € N. Show that {a € A : o(a) | n} is a
subgroup of A.

Exercise 2.75. Find a group G for which the subset {g € G : 0(g) < oo} is not a subgroup
of G.

Exercise 2.76. Fix n > 2 and set A :=7Z x (Z/nZ).
(i) Find all the elements of Ayo,.
(ii) Show that the subset {a € A : o(a) = oo} U{(0,[0])} is not a subgroup of A

Exercise 2.77. Let H and K be subgroups of GG. Prove that H U K is a subgroup of G if
and only if either HUK =H or HUK = K.

Exercise 2.78. We define a subset

SL,(F) :={A € GL,(F) : det(4) = 1}
of Gl,,(F), called the ‘special linear group’. Prove that it is a subgroup. Is S, (F') the kernel
of any homomorphism Gl,,(F') — Gl,,,(F) for some m?

Exercise 2.79. Let G and J be groups. Prove that the subsets Hg := {(g,1) : ¢ € G} and
Hj:={(1,j) : j € J} are subgroups of G x J. Define a homomorphism f;: G x J — J for
which ker(f;) = Hg and a homomorphism fg : G x J — G for which ker(fg) = H.

Exercise 2.80. Let G be a group. Prove that the subset {(g,¢9) : ¢ € G} is a subgroup of
G xG.

Exercise 2.81.

(i) Show that if Hj is a subgroup of a group G; and Hs is a subgroup of a group G then
Hy x Hy is a subgroup of G7 x Gs.

(ii) Find groups G and G and a subgroup H of G; x G5 that is not equal to Hy x Hy for
any subgroups Hy of G; and Hs of Go.

Exercise 2.82. Let A be an abelian group and n € Z. Prove that the subsets {a" : a € A}
and {a € A:a"™ =1} are subgroups of A.

Exercise 2.83. Show that {z € Dy, : z? = 1} is not a subgroup of Day,,.

Exercise 2.84. Let H be a subgroup of Q with the property that 1/h belongs to H for
every non-zero element of H. Prove that either H =0 or H = Q.
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Exercise 2.85.

(i) Find all subgroups of Z/48Z, giving a generator for each. Give also all the containments
between these subgroups.

(ii) Find all generators of Z/48Z.

(iii) Show that, for each = € Z/48Z, there is a unique homomorphism

fo: ZJARZ — 748

that satisfies f;([1]) = x.
(iv) Determine all elements x of Z/48Z for which f, is an isomorphism.

Exercise 2.86. Find all generators of Z/202Z.
Exercise 2.87. Find the number of generators of Z/49000Z.

Exercise 2.88. What is the order of [30] in Z/54Z? Write down all the elements of the
subgroup ([30]) of Z/547, and determine the order of each of these elements.

Exercise 2.89. Find all cyclic subgroups of Dg. Find a proper subgroup of Dg that is not
cyclic.

Exercise 2.90. Prove that the following groups are not cyclic: Co x Cy, Cy X Z, Z X Z,
Qx Q.

Exercise 2.91. Prove that C5 X Z is not isomorphic to Z and that Cy x Q is not isomorphic
to Q.

Exercise 2.92. Let 0 = (1,2,3,4,5,6,7,8,9,10,11,12) € Sj3. Find ¢ for each of a =
13,65, 626,1195, —6, —81, —570, —1211.

Exercise 2.93.

(i) Prove that if elements x and y of a group G commute, then o(zy) divides lem(o(x), o(y)).
(ii) Find a group G and elements = and y of G so that o(zy) does not divide lem(o(x), o(y)).
(iii) Find a group G and commuting elements = and y of G so that o(zy) does not equal

lem(o(x), 0(y)).

Exercise 2.94. Let G be a group and let g be an element of G of finite order. Let n be
any positive multiple of o(g). Prove that there is a unique homomorphism f : Z/nZ — G
with the property that f([1]) = g.

Exercise 2.95. Let G be any group and let g be any element of G. Prove that there is a
unique homomorphism f : Z — G with the property that f(1) = g.

Exercise 2.96. Let p be a prime and n € N. Let G be a group and let g be an element of
G for which g?" = 1. Prove that o(g) = p™ for some 0 < m < n.

Exercise 2.97. Let p be an odd prime and let n € N. Use the Binomial Theorem to show
that
(1+p)” " =1 (modp")
but
(1+p)"" " #1 (mod p™).
What is the order of [1 + p] in the group (Z/p"Z)*?
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Exercise 2.98. What is the order of [5] in (Z/2"Z)*, for n > 37
Exercise 2.99. Show that if n > 3 then the group (Z/2"Z)* is not cyclic.

Exercise 2.100. Let G be a finite group and let k£ be an integer coprime to |G|. Prove that
the function G — G given by g +— ¢* for each g € G is surjective. (Careful: this function is
in general not a homomorphism.)
Exercise 2.101. For each a € Z we define a function
0.:C, — Cp,

by setting o, (x) := 2% for each = € C),. (Recall that we always use multiplicative notation
in ‘the group’ C,.)

(i) Prove that o, is a homomorphism.
(ii) Prove that o, is an isomorphism if and only if (a,n) = 1.
(iii) Prove that o, = o3 if and only if a =b (mod n).
(iv) Prove that every automorphism of C,, is equal to o, for some a € Z (coprime to n,

by (ii)).

(v) Prove that o, 0 0 = 0gp-
(vi) Prove that there is an isomorphism
f:(Z/nZ)* — Aut(Cy)

given by f([a]) := 0,.

(vii) Prove that Aut(C),) is abelian of order equal to p(n).

Exercise 2.102. Prove that if S C S’ are subsets of a group G then (S) C (S’). Give an
example of such a group G and such sets S and S’ for which S # S’ but (S) = (5).

Exercise 2.103. Show that if z,y € S3 have x # y and o(z) = 2 = o(y) then (x,y) = Ss.
Exercise 2.104. Prove that the subgroup ((1,2); (1,2)(3,4)) of Sy is isomorphic to C x Cs.
Exercise 2.105. Prove that the subgroup ((1,2);(1,3)(2,4)) of Sy is isomorphic to Dsg.
Exercise 2.106. Prove that the subgroup ((1,2,3,4);(1,2,4,3)) is equal to Sy.

Exercise 2.107. Prove that the subset {—1} U {1/p:p € N is prime} generates Q*.

Exercise 2.108. A group G is called ‘finitely generated’ if there is a finite subset S of G
such that (S) = G.

i) Prove that every finite group G is finitely generated.
(ii) Prove that Z is finitely generated.

(iii) Prove that Q and Q* are not finitely generated.

(iv) Let H be a subgroup of Q that is finitely generated. Prove that H is cyclic.

(v) Find a proper subgroup of Q that is not cyclic.
Exercise 2.109. Let p be a prime and set
G:={z€C: 2" =1 for some n € N}.

For each k£ € N set .
Hp:={z€C: 2 =1}.
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(i) Prove that Hy, is a finite subgroup of G and that Hy C H; if and only if k <.
(ii) Prove that Hj is a cyclic group.

(iii) Prove that every proper subgroup of G is equal to Hy for some k.

(iv) Prove that G is not finitely generated.

Exercise 2.110. Let p be a prime and let G be a group of order 2p. Show that every
proper subgroup of G is cyclic.

Exercise 2.111. Let G be a group and let g be an element of G of finite order o(g) = n.
Let d € N be a divisor of n. Prove that G has an element of order d.

Exercise 2.112. Find subgroups H and K of Dg with the property that the subset
HK :={hk:he H ke K}

is not a subgroup of G.

Exercise 2.113. Let p be a prime and n € N. Let H and K be subgroups of Cjn. Show

that either H C K or K C H (or both).

Exercise 2.114. Let n be a natural number for which 2" + 1 is a prime number.
(i) Determine the order of [2] in (Z/(2" 4+ 1)Z)*.
(ii) Deduce that n is a power of 2.

Exercise 2.115.

(i) Find all the subgroups of Dig that are contained in (sr?,r?).

(ii) Find all the subgroups of D¢ that are contained in (sr7,74).

(iii) Find all the subgroups of D1 that contain (r?).
(iv) Find all the subgroups of Dj¢ that contain (s).

Exercise 2.116. Show that if H and K are finite subgroups of a group G that have coprime
orders, then H N K = {1}.
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3. ISOMORPHISM THEOREMS

3.1. Normal subgroups and quotient groups. The subgroups of a group G give us
information about the structure of G. Recall that a subgroup of G may be thought of as an
injective homomorphism H < G of groups. It is natural to wonder whether we can carry
out an analogous study of surjective homomorphisms G — J of groups.

In addition, we know from Definition 2.54 and Proposition 2.55 that each subgroup H fo
G defines an equivalence relation =g on G. In fact, as outlined in Remak 2.59 and Exercise
2.60, H defines two natural equivalence relations on G, which are in general different but
may coincide for some examples (see also Example 2.49, Exercise 2.50, Remark 2.51 and
Exercise 2.52).

We know that there is a surjective ‘projection’ function 7y from G to the set of equiva-
lence classes G/ =p. So the natural question at this point is: does the binary operation
on G induce a well-defined binary operation on the set G/ =g7?

If this question had an affirmative answer, then G/ =g would be a group, whose identity
element would be H, and 7y would be a surjective homomorphism of groups, whose kernel
would be H.

To say that ‘the binary operation on G induces a binary operation on the set G/ =g’
would mean that, for any two elements C7,Cy of G/ =g, choosing any ‘representatives’
g1, 92 € G with Cy = g1 H and Cy = go H and then setting

C1*Cy:= (g1 % g2)H,
would give a well-defined function

((G/ =y) x (G/ EH)) -G/ =p.
The answer to the question is not affirmative in general. Consider, as in Exercise 2.50,
the group G = Dg and subgroup H' = {1, s}. We have

(Do) =gr) = {H', {r, sr*}, {r?, sr}}
with 1H' = sH' = H', rH' = (sr?)H’ = {r,sr*} and r?H’ = (sr)H' = {r?,sr}. Then, at
the same time,
H' x{r,sr?} = (1H) % (rH') = (1r)H' = rH' = {r, sr%}
and
H' x{r,sr?} = (sH') % (rH') = (sr)H' = {r?, s1}.
Clearly, this is not a well-defined function, as {r, sr?} # {r?, sr}.

Even if the answer to the question is not affirmative in general, it may be affirmative for
some examples. For instance, let f : G — J be a homomorphism of groups. Recall from
Definition 2.12 and Proposition 2.13 (ii) that the kernel K := ker(f) of f is a subgroup of
G. We will prove below that the binary operation on G does induce a binary operation on
the set G/ =k.

In fact, we will prove that the following three conditions on a subgroup H of a group G
are equivalent:

(i) The two natural equivalence relations on G defined by H coincide.
(ii) The binary operation on G induces a well-defined binary operation on G/ =p.

(iii) H is the kernel of some homomorphism, that has domain G.
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We will say that H is a ‘normal subgroup of G’ if it satisfies either of these three equivalent
conditions. In that case, the resulting set G/ =g will indeed be a group, which we shall
denote simply by G/H and call the ‘quotient group’ of G over H.

3.1.1. The fibres of a homomorphism.
Definition 3.1. Let f : G — J be a homomorphism of groups. For each y € J, the set

) =1y ={zeq: fla) =y}
is called the ‘fibre’ of f at y.
Remarks 3.2.
(i) We have ker(f) = f~1(1), so the kernel of f is a distinguished fibre of f.

(i) Clearly f~!(y) is non-empty if and only if y belongs to im(f). In particular the set of
non-empty fibres of f is

(13) (7w yey={") gy eim(N} ={f(f() sz € G}
Example 3.3. Fix a natural number n and consider the map
FiZ—Z/nZ
given by f(a) := [a] for each a € Z. Clearly f is a surjective homomorphism with kernel
(14) ker(f) = nZ.

For each b € Z we have
fUB) ={a€Z: (o) =)} ={a€Z:a=b (nZ)} =b+nZ =b+ker(f).
Thus the fibres of f are
ker(f) = f7H([0]), 1+ker(f) = f7H([1]), 2+ker(f) = f7H([2]), ..., (n=1)+ker(f) = f~H([n—1]).

Keeping (14) in mind, it is now very easy to see that the set of fibres of f coincides with
the set Z/ =yey(y) of left cosets of ker(f) in Z.

In this special case, the addition in Z induces a well-defined binary operation on Z/ =yer(y)-
Indeed, if C1 = a; + ker(f) = by + ker(f) and Cy = ag + ker(f) = ba + ker(f) then
{a1+nz:zxe€Z}={by+nr:xe€Z}and {ag+nz: 2z € Z} = {ba+nz:z € Z} and
therefore

(a1 + ag) + ker(f) ={a1 +as+nx:x€Z} ={a1 +ba+nx:x €Z}
={bi+by+nx:xeZ}= (b +b)+ ker(f).
This proves that the addition C; + Cy is well-defined for any C1,Ca in Z/ =y (), as it does
not depend on the choice of representatives.
It is very easy to see that (Z/ =yer (), +) is a group. If C; = a; + ker(f) for i = 1,2,3
then
(C1+ C2) + Cs = ((a1 + a2) + ker(f)) + C3 = ((a1 + a2) + as) + ker(f)
= (a1 + (a2 + a3)) + ker(f) = C1 + ((az + a3) + ker(f)) = C1 + (C2 + C3),



44 DANIEL MACIAS CASTILLO

which shows that + is associative. The element ker(f) of Z/ =yer(y) is the identity element,
since for any C' = a + ker(f) we have

C +ker(f) = (a+ker(f)) + (0 +ker(f)) = (a + 0) + ker(f) = a + ker(f) =C
=a+ker(f) = (0+a) +ker(f) = (0 +ker(f))+ (a+ker(f)) =ker(f)+ C.
For any element C' = a + ker(f), the inverse element is —C := (—a) + ker(f), since

C +(=C) = (a+ker(f)) + ((=a) + ker(f)) = (a — a) + ker(f) = ker(f)
= (—a+a) +ker(f) = ((—a) + ker(f)) + (a + ker(f)) = (=C) + C.

The reader should at this point have the intuition that the group (Z/ =ye(y), +) has ‘the
same structure’ as the group (Z/nZ,+). To formalise this intuition, simply note that f
induces the group isomorphism

? . Z/ Eker(f)i> Z/nZa
given by B
Fla+ker(f)) = f(a) + ker(f) = f(a) +nZ = [al.
This example justifies the notation Z/nZ!

We will show that some of the arguments in Example 3.3 extend to a more general setting.
For now, we begin by proving that, whenever a subgroup is the kernel of a homomorphism,
the left and right cosets associated to this subgroup coincide.

Proposition 3.4. Let f : G — J be a homomorphism of groups.
(i) Let g be any element of G. Then

gker(f) = f~'(f(g)) = ker(f)g.

Let g and h be elements of G. Then the following conditions are equivalent:
(a) h belongs to gker(f).
(b) hker(f) = gker(f).

(©) f(h) = f(g).

(d) ker(f)h = ker(f)g.

(e) h belongs to ker(f)g.

Proof. To prove claim (i) we fix ¢ € G and we only prove the first equality, gker(f) =
F7Y(f(g)). We leave the second equality, which is very similar, as an exercise.

Let k belong to ker(f). We first claim that gk belongs to f~1(f(g)). To se this we must
prove that f(gk) = f(g). But this equality is valid because

f(gk) = f(9)f(k) = f(g9)L = f(g)-
We have proved that gker(f) C f~1(f(g)).
To prove the converse, let x be any element of G with f(x) = f(g). We must prove that
x belongs to gker(f). But

(15) x=g(g ')
where g~z belongs to ker(f), because

flo7 e) = flg N f(x) = Flo)  f(@) = flg) " flg) =1.

(i)



ALGEBRAIC STRUCTURES 45

Here the second equality uses Lemma 1.48. So (15) shows that x belongs to g ker(f). This
completes the proof of the equality gker(f) = f~1(f(g)).

We now prove claim (ii) by using claim (i). The element h belongs to gker(f) if and only
if it belongs to f~1(f(g)), which happens if and only if f(h) = f(g). This shows that (a) is
equivalent to (c).

If (c) is valid then

hker(f) = f7H(f(h)) = F71(f(9)) = gker(f),
so (b) is valid.
Similarly if (b) is valid then one easily shows that f~1(f(h)) = f~'(f(g)). This equality
imples that f(h) must be equal to f(g), so (¢) must be valid.
Finally it is clear from claim (i) that (a) is equivalent to (e) and that (b) is equivalent to
(d), so all claims must be equivalent. O

Corollary 3.5. Let f : G — J be a homomorphism of groups. Then the set of non-empty
fibres of f coincides with the set of left cosets of ker(f) in G.

Proof. From (13) we know that the set of non-empty fibres of f is {f~1(f(g)) : g € G},
which is then equal to the set {gker(f) : g € G} of left cosets of ker(f) in G by Proposition
3.4. t

Remark 3.6. Clearly another application of Proposition 3.4 also shows that the set of
non-empty fibres of f coincides with the set of right cosets of ker(f) in G.

Definition 3.7. Let f : G — J be a homomorphism of groups. We write G/ ker(f) for the
set of left cosets of ker(f) in G.

Corollary 3.8. Let f : G — J be a homomorphism of groups. The binary operation
on G induces a well-defined binary operation on G/ker(f), which makes G/ker(f) into a
group. The identity element of G/ker(f) is ker(f) and the inverse of each coset gker(f) is

g ker(f).
Moreover, f induces a well-defined isomorphism of groups
f:G/ker(f) — im(f)
given by

fgker(f)) = f(g)
for each g € G.

Proof. We fix elements C and Cy of G/ ker(f) and elements ay, by, az, by of G for which
Cy = ay ker(f) = b ker(f), Co=agsker(f) = byker(f).

From Proposition 3.4 we get that f(a1) = f(b1) and that f(a2) = f(b2).

To prove that the binary operation on G induces a well-defined binary operation on
G/ ker(f) it is enough to show that (ajaz) ker(f) is equal to (b1be) ker(f). But this is true
because

(araz) ker(f) = ' (f(ara2)) = ' (f(a1) f(a2))
= FHf(b1) f(b2)) = f71(f(bib2)) = (brba) ker(f).
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Here the first and last equality are also given by Proposition 3.4.
The induced operation is associative because if C; = a; ker(f) for i = 1,2,3 then

(C102)C5 = ((a1a2) ker(f))Cs = ((a1az2)as) ker(f)
= (a1(aza3)) ker(f) = C1((azas) ker(f)) = C1(C2C3).
For any C = gker(f) we have

Cker(f) = (gker(f))(1ker(f)) = (91) ker(f) = gker(f) = C
er(f) = (Lker(f))(gker(f)) = ker(f)C

I
s
=
[}
=
—~
)
~—
I
—~
—_
<
~—
o

and also

(gker(f))(g~ " ker(£)) = (99~ ") ker(f) = Lker(f) = ker(f)
— Lker(f) = (g~ g) ker(f) = (g~ ker(f)) (g ker(f)):

These equalitites combine to imply that ker(f) is the identity element for the induced binary
operation and that C’:l = g ' ker(f). This proves that G/ ker(f) is a group.
We now show that f is a well-defined function. If gker(f) = hker(f) then by Proposition

3.4 we have f(g) = f(h), so f(gker(f)) = f(hker(f)) is well-defined.
We observe that f is a homomorphism of groups because

Fllgrker(f))(g2ker(f))) = f((g192) ker(f)) = f(g192) = f(91)f(g2) = f(g1ker(f)) (g2 ker(f)).

It is immediately clear that f is a surjective function onto im(f), since for any g € G,
f(g) is the image under f of gker(f).
To conclude that f is an isomorphism it is enough to prove that it is injective, so by

Proposition 2.13(iii) it is enough to verify that ker(f) = {ker(f)}. Therefore (keeping in
mind Remark 2.14) we must only prove that if g ker(f) # ker(f) then

flgker(f)) = f(g) # 1.

We assume that gker(f) # ker(f) and argue by contradiction. If f(g) = 1 then the
equivalence of (c) and (b) in Proposition 3.4 (ii) would imply that gker(f) = ker(f), a
contradiction. So we must have f(g) # 1. This shows that ker(f) is the only element of

ker(f), so f is injective and thus an isomorphism. O

Remark 3.9. Let f : G — J be a homomorphism of groups. By Proposition 3.4 and
Corollaries 3.5 and 3.8, we find that the the binary operation of G induces a binary operation
on the set of non-empty fibres of f which makes it into a group (with identity ker(f)).
Moreover, there is an isomorphism f from this group to im(f) which, if f~!(y) is a non-

empty fibre of f, is given by f(f~(y)) = v.

Remark 3.10. It is straightforward to give another yet description of f in terms of right
cosets of ker(f) in G.

Notation 3.11. We often abbreviate the coset gker(f) in G/ker(f) to [g] or to g when f
is clear from context.
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Examples 3.12. (i) In Example 3.3 we were able to show that Z/ker(f) is isomorphic
to Z/nZ for the given homomorphism f : Z — Z/nZ because we implicitly used that f is
surjective, so im(f) = Z/nZ. As we mentioned, since ker(f) = nZ, this example justifies
the use of the notation Z/nZ.
(ii) If f : G — J is an isomorphism then ker(f) = {1} and we have the composite isomor-
phism

a/y L

which is explicitly computed as

FHF{) = 1 (fl9) = 9.

Of course, even without using Corollary 3.8 it is easy to see that the map G/{1} — G which
maps g{1} to g is an isomorphism.
(iii) For the trivial homomorphism f : G — J, which maps every g € G to 1 in J, we have
ker(f) = G and the isomorphism

G/G = {1}.
(iv) Consider R? and R as groups under addition (this is automatic since they are vector
spaces) and the (surjective) function

f:RZSR
given by f((z,y)) := . This is a group homomorphism (check this fact!). Clearly

ker(f) = {(z,y) : 2 = 0},

which geometrically corresponds to the y-axis. Note that the fibre above each zy € R is
simply the vertical line

S @) = {(z0.y) 1 y € R}
through (z0,0), which gives a geometrical interpretation of the left coset (z¢,0) + ker(f).

The group operation on R?/ ker(f) induced by the addition on R? simply takes any vertical
lines f~!(z1) and f~!(x2), for any x; and x5, and gives back the line f~!(z1 + x2).

Exercise 3.13. We define a function
f:Qs — (Z/27 x 7/27)
by setting
f(&£1) = ([0, [0]), f(£i) = ([0, [1]), f(£5) = ([A],[0]), f(£k) = ([1],[1]).
Show that f is a group homomorphism and write down the group table of Qg/ ker(f).

3.1.2. Normal subgroups.

Proposition 3.14. Let G be a group and let H be a subgroup of G. Then the following
conditions are equivalent.
(i) The binary operation on G induces a well-defined binary operation on the set of left
cosets of H in G.
(ii) The element ghg™' belongs to H for every g € G and every h € H.
(iii) We have an equality of sets gH = Hg for every g € G.
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Proof. We first prove that the conditions (i) and (ii) are equivalent.

We first assume that (i) holds and we fix g € G and h € H. We must prove that ghg~*
belongs to H.

We recall from Remark 2.57 that hH = H = 1H. By condition (i) we know that (gh)H =
(91)H = gH and then, using condition (i) again, also that (ghg=')H = (g9 ")H = 1H = H.
Remark 2.57 now implies that ghg~'1 = ghg~' must belong to H, as required.

Conversely, we assume that condition (ii) holds. We let C; = ¢1H = ¢g{H and Cy =
goH = g4 H. We know from Corollary 2.56 that

hy == (gy) "1 and h := (g5) ' g

are both elements of H and then from condition (ii) (applied with h = h; and g = (g5)~!)
that

hs := (g3) " high
also belongs to H.

We must prove that (g1g2)H = (¢195)H. Again by Corollary 2.56, since the set of left
cosets of H in G is a partition of G, it will be enough to prove that these two sets have a
common element. Clearly g1g2 belongs to (g1g2)H, so it is enough to prove that gigs also
belongs to (¢7g5)H. This required containment is true because

9192 = 91(91) " 9195(95) " g2 = gihaghha = 9195((95) " hagh)ha = ghghhaha.
We next prove that conditions (ii) and (iii) are equivalent.
We first assume that (ii) holds and we fix g € G. Then

gH={gh:hec HY ={(ghg Y)g: hec H} C Hyg
and, similarly,

Hg={hg:he H}={g(g " hg): h € H} C gH.
Thus gH and Hg must be equal, as required.

Conversely, we assume that condition (iii) holds and we fix ¢ € G and h € H. Then
gh = h'g for some A’ in H and therefore ghg~! = h/gg~' = I/ € H, as required. O

Definition 3.15.

(i) Let G be a group and let H be a subgroup of G. We say that ‘H is normal in G’ if
ghg™! belongs to H for every g € G and every h € H.

(ii) Let G be a group and let H be a subset of G. We say that ‘H is a normal subgroup of
G’ to indicate that H is a subgroup of G that is normal in G.

Notation 3.16. Let G be a group. The notation H < G means that H is a normal
subgroup of G.

Definition 3.17. Let G be a group and let H be a subset of G. For any element g of G,
the set

gHg™ ' :={ghg™ : h € H}
is called the ‘conjugate of H by ¢’. Each individual element of the form ghg~! is called the
‘conjugate of h by ¢’. We also say that ‘g normalises H’ if the set gHg¢g ' is equal to H.

Exercise 3.18. Let G be a group and let H be a subgroup of G.
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1

(i) For any g € G, prove that the conjugate gHg~" of H by ¢ is a subgroup of G.

(ii) For any g € G, prove that the function
fo:H— gHg™,

given by f,(h) := ghg™! for each h € H, is a homomorphism.
(ili) Prove that each homomorphism f, in claim (ii) is actually an isomorphism.
(iv) Prove that H is normal in G if and only if every element g of G normalises H.

Remark 3.19. Let G be a group, let H be a subgroup of G and let gg be an element of
G. It is not true that g()HgO_1 C H if and only if g()HgO_1 = H. However, it is true that
gHg™' C H for every g € G if and only if gHg~' = H for every g € G.

Corollary 3.20. Let G be a group and let H be a subgroup of G. If H is normal in G,
then the set of left cosets of H in G is a group under the binary operation induced from the
binary operation on G. The identity element of this group is H and, for any g € G, one
has (gH) ' =g 'H.

Proof. By Proposition 3.14 we know that the binary operation on the set of left cosets of
H in G is well-defined. Associativity of this operation follows easily from associativity of
the original operation, as

((91H)(92H))g3H = ((9192)H)gsH = ((g192)93) H
= (91(9293))H = 91 H((9293)H)) = g1 H((92H)(g3H))

for any g1, 92,93 € G.
The fact that H is the identity element of this group follows easily from the equality
H = 1H, and then the equality (¢H)~ ! = g~ ' H also becomes very easy to verify. O

Definition 3.21. Let G be a group and let H be a normal subgroup of G. We write G/H
for the set of left cosets of H in G, always considered as a group with the binary operation
induced by that of G. We call G/H the ‘quotient group of G over H’. We also write my
for the function G — G/H defined by

T(g) == gH
and call it the ‘projection map’ of G onto G/H.

Exercise 3.22. Let G be a group and let H be a normal subgroup of G. Prove that
7wy : G — G/H is a group homomorphism, that it is surjective, and that ker(wy) = H.

Proposition 3.23. Let G be a group and let H be a subgroup of G. Then H is normal in
G if and only if H is the kernel of a group homomorphism that has G as its domain.

Proof. We know from Corollary 3.8 that if H = ker(f) for some group homomorphism
f : G — J, then the binary operation on GG induces a well-defined binary operation on the
set of left cosets of H in G. By Proposition 3.14 it would then follow that H is normal in
G.

Conversely, assume that H is normal in G. Then from Exercise 3.22 we know that H is
the kernel of the homomorphism of groups g : G — G/H. 0
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Exercise 3.24. Let G be a group and let H be a normal subgroup of G. Verify that
(gH)* = ¢"H in G/H, for every a € Z.

Proposition 3.25. Let G be an abelian group. Then every subgroup of G is normal in G.

Proof. Let H be any subgroup of G. Let g be any element of G and let h be any element
of H. Then ghg~—! = hgg~' = h belongs to H, so H is normal in G. O

Remark 3.26. In general, an abelian subgroup H of a group G is not normal in G. For
instance, in the list (16) below, the subgroups H', H"” and H" of G = Dg are all abelian,
but they are not normal in G.

Remark 3.27. A subgroup H of a group G can be normal in G even if there is are elements
h of H and g of G for which ghg™' # h. For instance, in G = Dg we know from Exercise
2.50 that H = {1,7,72} is normal in G, but

srs =r? #r and sr?s = r # r2.

Of course, the key point is that we still have the equality of sets
sHs = {1,7%,r} = H,

so that s normalises H.
Examples 3.28.
(i) The subgroups {1} and G of G are both normal in G, and there are canonical isomor-
phisms G/{1} = G and G/G = {1}. See also Examples 3.12 (ii) and (iii).
(ii) All the subgroups of G = Dg are
(16) G, H=1{1,r,r*}, H ={1,s}, H' = {1,sr}, H” = {1,sr*} and {1}.
We know that both {1} and G are normal in G and we know from Exercise 2.50 that H is
normal in G but that H’ is not normal in G, as

rH' = {r,sr?} # {r,sr} = H'r.

In a similar way one can show that H” and H"” are not normal in G.

(iii) By Proposition 3.25, all subgroups of Z are normal. All the possible quotients of Z are
{0} =Z/Z, Z = Z/{0} and the finite cyclic groups Z/nZ for each natural number n # 1
(as 1Z = 7Z). Using Theorem 2.44, this description extends to any infinite cyclic group
G = (g). Explicitly, any non-trivial subgroup of G is of the form H, = (¢") for n € N,
which is necessarily normal in GG, and one then has

G/H, = {H,,gH,,¢*H,,...,g" *H}.

By Exercise 3.24, this quotient group is a cyclic group G/H,, = (gH,), that therefore has
isomorphism class C),.

(iv) By Proposition 3.25, all subgroups of C;, are normal. Let C, = (g). Using Theorem
2.44 and Remark 2.45, any non-trivial subgroup of C,, is of the form Hy = (g¢) for natural
numbers d which divide n. One then has |Hy| = o(g?) = n/d and

Cn/Hd = {Hda ng7 92Hd7 cee 7gd_1Hd}'
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By Exercise 3.24, this quotient group is a cyclic group C,,/Hy = (gHy), that therefore has
isomorphism class Cy. In particular

|Cn/Ha| = d =n/(n/d) = |Cy|/|Hal.

Remark 3.29. From Examples 3.28 (iii) and (iv) we conclude that every quotient group
of a cyclic group is again a cyclic group. Moreover, if G = (g) and H is a subgroup of G
then G/H = (¢gH).

Exercise 3.30. Use Exercise 3.13 to show that the subgroup (—1) is normal in Qg. Which
other group is Qg/(—1) isomorphic to?

Lemma 3.31. Let G be a group and let H be a subgroup of G whose indez [G : H] in G is
equal to 2. Then H is normal in G and G/H has isomorphism class Cs.

Proof. We use Corollary 2.56, Remark 2.57 and Remark 2.59, which tell us that the set of
left cosets of H in (G is a partition of (G, that the set of right cosets of H in G is also a
partition of G, that gH = H if and only if g belongs to H and that Hg = H if and only if
g belongs to H.

Now since [G : H] = 2, the set of left cosets of H in G must be {H, G\ H}. From Remark
2.64 we also know that the set of right cosets of H in G must be {H,G \ H}.

To conclude that H is normal in G we use Proposition 3.14. For each g in G, either g
belongs to H, in which case gH = H = Hg, or g belongs to G \ H, in which case gH must
be equal to G\ H and Hg must be equal to G \ H, so that we again get gH = Hg. This
concludes the proof of the fact that H is normal in G.

Now G/H = {H,G \ H} is a group (of order 2) that is clearly cyclic, with generator
G\ H, and thus has isomorphism class C. O

Lemma 3.32. Let G be a group. Let m be a natural number. Assume that G has a unique
subgroup Hy, that has order m. Then H,, is normal in G.

Proof. By Exercise 3.18 (i) and (iii), we know that for any g € G, the conjugate gH,,,g ' of
H,, by g is a subgroup of G with the property that H,, = gH,,g~'. Therefore |gH,,g"'| =
|H,,| = m and so, by uniqueness, we must have gH,,g~! = H.

We have proved that every element g of G normalises H,,, so Exercise 3.18 (iv) implies
that H,, is normal in G. ]

Remark 3.33. Please think about the fact that being a normal subgroup of a group
depends on both the subgroup and the group, not only on the subgroup. For instance, one
can have a group G, a subgroup H < G of G and a normal subgroup N < H of H. In this
situation, N is a subgroup of G, but N may not be normal in G.

Moreover, the property of being a normal subgroup is not even transitive. Even if H I G
and N < H, the subgroup N may not be normal in G.

To see a counterexample to the possible transitivity of this property, we consider the
group G = Dg, the subgroup

H = (s,1%) = {1,5,1% 517}

and the subgroup
N = (s) = {1, s}.
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Then H has index [G : H] = |G|/|H| =8/4=2in G and N has index [H : N] = |H|/|N| =
4/2 =2 in H, so Lemma 3.31 implies that H is normal in G and that N is normal in H.

However, N in not normal in G. To see this we simply note that rsr~! = sr? does not
belong to N.

Example 3.34. In G = Sy, for each ¢ € {1,2,3,4}, we consider the subset
H;:={oc€Sy:0(i) =1i}.

It is easy to see that H; is a subgroup of Sy: the identity permutation clearly belongs to H;,
the inverse function of any element of H; clearly must belong to H;, and the composition
of two elements of H; clearly must belong to H;. However, H; is not normal in Sy.

We show that Hi is not normal in S4. Omne can write down identical arguments for
1=2,3,4.

We fix any element 7 of S;. Then every element ¢ of 7H; must satisfy (1) = 7(1).
Conversely, if o is any element of Sy that satisfies (1) = 7(1) then

(rlo)(1) =771 (r(1)) =1
so 7710 belongs to H;. We conclude that
TH ={oc€ Sy:0(1)=7(1)}.

Similarly, any element o of H;7 must satisfy o(77!(1)) = 1. Conversely, if o is any
element of Sy that satisfies o(771(1)) = 1 then

(et~ H(1) =1
so o171 belongs to H;. We conclude that
Hir={0€ S :0(r (1)) =1}
To finally conclude that H; is not normal in Sy it is enough to find an element 7 of Sy

for which 7Hy # H;y7. Take, for example, 7 = (1,2). Then

TH ={0c € S4:0(1) =2}
while

Hitr={o€Sy4:0(2)=1}.
The element (1,2,3) of Sy then belongs to 7H; but not to Hi7, so that these sets cannot
be equal, as required.

The following Exercise uses Lemma 3.31 to show that a full converse to Lagrange’s
Theorem would not be true, by constructing a group of order 12 that has no subgroups of
order 6.

Exercise 3.35. We fix a group Cy = {e, f} of order 2 with identity e. We define an
associated function
sgn : Sy — Cy
by setting sgn(o) = e if o is an even permutation and sgn(o) = f if o is an odd permutation.
(i) Prove that sgn is a group homomorphism, and thus that
Ay := ker(sgn)

is a group.
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(ii) Write down the cycle decomposition of each element of A4 and the order of each
of them. In particular, you should find that |A4] = 12. Deduce that, if H is any
subgroup of Ay of order 6, then H would be normal in A4 and A4/H would have
isomorphism class Cs.

(iii) Show that, if H is any subgroup of A4 of order 6, then o would belong to H for
every o € Ay.

(iv) Prove that A4 cannot have a subgroup of order 6.

3.1.3. Centralisers and Normalisers. Throughout §3.1.2 we have seen numerous character-
isations of the property of a subgroup being normal in a group. In this section we introduce
some additional constructions that are helpful when analising this condition and will also
be of interest in the sequel.

Definition 3.36. Let GG be a group and let S be a non-empty subset of G.
(i) We call
Cq(S):={g€G:gsg !t =sforall s €S}
the ‘centraliser’ of S in G.
(ii) We call
Z(G) == Ca(G)
the ‘centre’ of G.
(iii) We call
Na(S):={ge G:gSg~ " =5}
the ‘normaliser’ of S in G.

Exercise 3.37. Prove that C(S) is a subgroup of N¢(S) and that Ng(S) is a subgroup
of G. In this way we thus also find that C(S) is a subgroup of G and in particular that
Z(Q) is a subgroup of G.

Exercise 3.38. Show that, if G is abelian, then Cg(S) = N¢g(S5) = G for any non-empty
subset S of G. In particular, we get Z(G) = G in this case.

Exercise 3.39. Show that Cq,({i}) = {£1,%i} and that Ng,({i}) = @s. Determine
Z(Qs)-

Exercise 3.40. Consider the subset S = {1, (1,2)} of S3. Show that Cgs,(S) = Ng,(S) =95
and that Z(S3) = {1}.

The normaliser of a subgroup measures how close it is to being normal, as evidenced by
the following criterion.

Proposition 3.41. Let G be a group and let H be a subgroup of G. Then H is normal in
G if and only if No¢(H) = G.

Proof. Clearly Ng(H) = G if and only if every element g of G normalises H, so the result
follows from Exercise 3.18 (iv). O

The centre of a group provides a natural source of normal subgroups of said group.

Lemma 3.42. If G is a group and H is a subgroup of Z(G) then H is normal in G. In
particular, Z(QG) is a normal subgroup of G.
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Proof. Let h € H and g € G. Then g~thg = g 'h(g~!)~! = h since h belongs to Z(G),
and therefore ghg~! = g(¢g~'hg)g~! = h belongs to H. O

Notation 3.43. We sometimes abbreviate Cg({s}) to Cg(s).
3.2. The theorems.

3.2.1. The first isomorphism theorem. We have essentially already proved the first isomor-
phism theorem, sometimes also known as the fundamental theorem of homomorphisms.

Theorem 3.44. If f : G — J is a homomorphism of groups, then ker(f) is a normal
subgroup of G and there is a canonical isomorphism

f:G/ker(f) = im(f)
given by B
fgker(f)) = f(g)

for each g € G.

In particular, the index [G : ker(f)] is equal to the order of im(f) (whether finite or
infinite).
Proof. We know from Proposition 3.23 that ker(f) is a normal subgroup of G. The remain-

ing claims were proved in Corollary 3.8. O

Exercise 3.45. Give an alternative description of the isomorphism class of Glz(R)/Sl2(R),
with Slp(R) as defined in Exercise 2.78.

The following general fact, which we leave as an exercise for the reader, is very useful in
many settings.

Remark 3.46. Let GG be a group, let H be a normal subgroup of G and let f: G — J be
a group homomorphism. Then f induces a well-defined function f : G/H — J through the
formula f(gH) = f(g) if and only H is contained in ker(f).

If H is indeed contained in ker(f) then f is a group homomorphism with im(f) = im(f)

and with ker(f) = ker(f)/H.

3.2.2. The second isomorphism theorem. Before we can state the next isomorphism theorem
we must introduce some additional notation and preliminary results.

Definition 3.47. Let G be a group and let H and K be subgroups of G. We define a set
HK :={hk:he H ke K}.

Notation 3.48. In an abelian group G, if we wish to use additive notation, we will some-
times write H + K ={h+k:h € H,k € K} instead of HK.

Proposition 3.49. If H and K are both finite subgroups of G then the cardinality of HK
ey
Proof. The set HK 1is the union of cosets
HE = | J hK.
heH

18
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We know that the left cosets of K in G form a partition from Corollary 2.56 and also that
each such coset hK has |K| elements by Lemma 2.53. It is therefore enough to show that

% distinct cosets of the form hK, h € H.

To do this we note that, given hi,ho € H, one has hi K = hoK if and only if h;lhl
belongs to K, which happens if and only if hy Lhi belongs to H N K, which happens if and
only if hi(H N K) = ho(H N K). Therefore the number of distinct cosets of the form hK,
h € H, is the same as the number of distinct cosets of the form h(H N K), h € H. By

Lagrange’s Theorem 2.61 we know that this last number is equal to %,

there are

as required. [

Remark 3.50. Note that H K is not necessarily a subgroup of G! For example, in G = S3,
with H = ((1,2)) = {1,(1,2)} and K = ((2,3)) = {1,(2,3)} we have |H| = |K| = 2 and
|H N K| =1 so Proposition 3.49 implies that H K has 4 elements. Since S3 has order 6 and
4 does not divide 6, Lagrange’s Theorem 2.61 implies that H K cannot be a subgroup of Ss.

Proposition 3.51. Let G be a group and let H and K be subgroups of G. Then HK is a
subgroup of G if and only if HK = KH.

Proof. We assume first that HK = KH. We will prove that HK is then a subgroup of G
by applying the criterion of Lemma 2.6. We thus fix 2,y € HK. We must prove that zy~!
belongs to HK.

We write & = hik; and y = hoky with each h; in H and each k; in K. Then zy~! =
hakiky Thyt.

Now, since HK = KH we have (kiky ')hy ' = W'k for some h' € H and k' € K. We
finally find that zy~! = (h1h’)k’, which belongs to HK, as required.

Conversely we now assume that HK is a subgroup of G. Clearly both H and K are
subsets (and in fact, subgroups) of the group HK. Therefore kh belongs to HK for any
h € H and k € K. This shows that KH C HK.

To find the converse inclusion and thus the required equality we fix h € H and k € K.
Since HK is a group, the inverse (hk)~! of hk belongs to HK and may be written as h'k’
with ' € H and k' € K. Therefore

= (k) ™) = (W) = ()7 )

This shows that hk must belong to KH. We conclude that HK C KH and thus that
HK = KH, as required. O

Remark 3.52. The equality of sets HK = KH does not imply that all elements of H
commute with all elements of K. For example in G = Dsg, with H = (r) and K = (s),
although one has s = sr~! so r and s do not commute, it is also easy to deduce from this
equality that HK = KH = G.

Corollary 3.53. If H and K are subgroups of G for which H is contained in Ng(K), the
set HK is a subgroup of G.

In particular, given a normal subgroup K of G, the subset HK is a subgroup of G for
every subgroup H of G.

Proof. We assume that H is contained in Ng(K) and we will show that HK = K H, so our
first claim will follow from Proposition 3.51.
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For any h € H and k € K, our assumption means that hkh~' belongs to K. Therefore
hk = (hkh~')h belongs to K H, which shows that HK C KH.

Similarly kh = h(h~'kh) with h='kh in K by assumption, which shows that KH C HK.

The final claim is valid because, by Proposition 3.41, a normal subgroup K of G always
satisfies Ng(K) = G. O

Corollary 3.54. Let H and K be normal subgroups of G. Then HK is a normal subgroup
of G.

Proof. From Corollary 3.53 we know that HK is a subgroup of G. Let g € G, h € H and
k € K. Then

ghkg™" = (ghg™")(gkg™")
where ghg~! belongs to H and gkg~' belongs to K. O

Exercise 3.55. In G = S; we consider the subgroups H = Dg and K = ((1,2,3)). Use
Proposition 3.49, together with Lagrange’s Theorem 2.61, to prove that Sy = HK.

We finally get to the second isomorphism theorem (sometimes known as the ‘diamond
isomorphism theorem’, see [2, Thm. 18, p. 97]).

Theorem 3.56. Let G be a group and let H and K be subgroups of G for which H is
contained in Nq(K). Then HK < G, K A< HK, (HNK) < H and there is a canonical
isomorphism

H/(HNK)= (HK)/K
which maps an element h(H N K) to hK.

Proof. By Corollary 3.53 we know that HK C G.

Since H is contained in Ng(K) and K is always also contained in Ng(K'), we know that
HK must be contained in Ng(K). Every element of the group HK therefore normalises
K (by definition of the normaliser Ng(K)), so K must be normal in HK by Exercise 3.18

(iv).
We now show the remaining claims by applying the First Isomorphism Theorem 3.44. It
is enough to construct a surjective group homomorphism

fiH— (HK)/K

with ker(f) = (H N K) which corresponds with the given explicit description.
To do this we set f(h) := hK for each h € H. Clearly f is a group homomorphism, as
for h,h' € H one has
f)f(R') = (RK)(WK) = (hh')K = f(h})

by definition of the binary operation on the quotient group (HK)/K. (Alternatively, f is a
homomorphism ecause it is just the restriction of the natural projection HK — (HK)/K
to H.)

The map f is surjective because for any h € H and any k € K, the coset

(hk)K = (hK)(kK) = (hK)K = hK

is the image of h under f (in the second equality we have used Remark 2.57).
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We finally claim that ker(f) = (H N K). Again by Remark 2.57, an element h of H
belongs to ker(f) if and only if it belongs to K, which happens if and only if it belongs to
H N K. This completes the proof. O

Exercise 3.57. In the setting of Theorem 3.56, prove directly that H N K is a normal
subgroup of H, without applying the First Isomorphism Theorem 3.44.

3.2.3. The third isomorphism theorem. The third isomorphism theorem considers the struc-
ture of quotient groups of quotient groups.

Theorem 3.58. Let G be a group and let H and K be normal subgroups of G with H C K.
Then H is a normal subgroup of K, K/H is a normal subgroup of G/H and there is a
canonical isomorphism

(G/H)/(K/H)) = G/K
which maps an element (gH)(K/H) to gK.

Proof. We know that H is normal in K because it is normal in G (and by definition of being
normal in a group).
We will prove the remaining claims by applying the First Isomorphism Theorem 3.44.
We define a function
f:G/H = G/K
by setting f(gH) := gK for each g € G. This function is well-defined because if g1 H = go H
then
g e HCK
so g1 K = oK.
The function f is clearly a group homomorphism and it is clearly surjective. To complete
the proof it is now enough to show that ker(f) = K/H. This equality is indeed valid, since

ker(f)={9H € G/H : gk =K} ={9H € G/H :g€ K} = K/H.
U

Exercise 3.59. In the setting of Theorem 3.58, prove directly that K/H is a normal
subgroup of G/H, without applying the First Isomorphism Theorem 3.44.

3.2.4. The fourth isomorphism theorem. We finally get to the fourth isomorphism theorem
(sometimes known as the ‘lattice isomorphism theorem’, see [2, Thm. 20, p. 98,99], and
sometimes included within the First Isomorphism Theorem 3.44, see [1]). We leave the
proof of this result as an exercise for the reader.

Theorem 3.60. Let G be a group and let H be a normal subgroup of G. We consider the
sets
S .={J<G:HCJ}, Sy ={L < G/H}.

Then the function - : Sg — Sq/u gien by J := J/H is a bijection that has the following
properties for any Ji, Jo € Sg.

(i) J1 C Jo if and only if Jy QE. o

(ii) [f J1 g JQ then [JQ . Jl] = [JQ . Jl].

(itt) (J1,J2) = (J1, J2).
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(iV) Jlﬂjgzjlﬂjg. o o
(v) Jy is normal in G if and only if Jy is normal in G = G/H.

Exercise 3.61. Prove Theorem 3.60.

Example 3.62. For G = Qg and H = (—1) = {1,—1}, it is easy to prove that G/H is
equal to {1H,iH,jH,kH} and also isomorphic to Z/27Z x Z/27. From Example 2.10 we
then know that G/H has 5 distinct subgroups, and this includes G/H itself, the identity
subgroup, and 3 distinct subgroups of order 2. From Theorem 3.60 we know that the only
subgroups of G = Qg that contain —1 are G, H, (i), (j) and (k).

Exercise 3.63. Find all subgroups of Dg that contain r2.

3.3. Simple groups and solvable groups. Before we discuss simple or solvable groups,
we prove a useful result that will be further generalised in §4.

3.3.1. Cauchy’s Theorem for abelian groups. We already mentioned Cauchy’s Theorem in
Remark 2.70(ii): if G is a finite group and p is a prime divisor of |G| then G has an element
of order p. For now, we restrict ourselves to prove this result for abelian groups G, a case
in which the proof becomes completely elementary.

Theorem 3.64. If G is a finite abelian group and p is a prime divisor of |G| then G has
an element of order p.

Proof. We prove the result by induction on |G|. If |G| = 1 then the result is trivial. We
henceforth assume that G # {1}. We assume that the result is valid for every finite abelian
group that has order strictly smaller than |G| and divisible by p; this will be our inductive
hypothesis.

We fix an element = # 1 of G. If |G| = p then, by Lagrange’s Theorem, we would have
o(x) = p, which would complete the proof. We henceforth assume that |G| # p and thus
that |G| > p.

If p divides o(z), say o(z) = pn for some n € N, then by Proposition 2.40(ii) we would
have o(z"™) = p, which would complete the proof. We henceforth assume that p does not
divide o(z).

We set H := (x), so pt |H|. Since G is abelian, H is normal in G. The quotient group
G/H is finite and abelian. By Lagrange’s Theorem, we have

|G/H| = |G|/|H|

and, since H # {1}, G/H has order strictly smaller that |G|. Since p does not divide |H| it
must divide |G/H|.

By the inductive hypothesis, G/H contains an element § = yH, for some y € G, that
has order p. The element yH cannot be the identity, so y cannot belong to H, but y?H =
(yH)? = H, so y? must belong to H. The subgroup (y”) must be contained in H but the
subgroup (y) cannot be contained in H, so in particular (y?) # (y). The inclusion (y*) C (y)
of finite groups must therefore be strict.

It then follows that o(y”) < o(y). By Proposition 2.40(ii) p must therefore divide o(y).
Just as above, using once again Proposition 2.40(ii), a power of y then must have order
equal to p. Specifically, o(y™) = p where o(y) = pm. O
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3.3.2. Simple groups and composition series. Often one studies a group G through the use
of inductive arguments, by identifying a (non-trivial, proper) normal subgroup H of G,
studying first the groups H and G/H, which may have smaller order than G, and trying to
piece together the conclusions to obtain similar conclusions about G. We will see various
examples of this method of reasoning in the sequel. We just saw one in Theorem 3.64.

The following class of groups, despite what their name might suggest, make it particularly
complicated to try to argue in such a manner.

Definition 3.65. A (non-trivial) group G is called ‘simple’ if it has no normal subgroups,
other than {1} and G itself.

Exercise 3.66. Show that if a finite group has prime order then it is simple.

Exercise 3.67. Show that if an abelian group is simple then it has isomorphism class C,
for some prime number p. (Hint: treat the infinite and finite cases separately, use Theorem
3.64 in the latter case.)

Remark 3.68. There are, however, non-abelian simple groups (both finite and infinite).
The finite simple groups have been fully classified. We will discuss a specific family of
such groups, the ‘alternating groups’, in §4 (you already encountered an alternating group,
namely Ay, in Exercise 3.35). However, all such examples will be groups of even order: a
celebrated theorem of Feit and Thompson states that every finite simple group of odd order
has isomorphism class C}, for some prime number p (hence is, in particular, abelian).

Definition 3.69. In a group G, a finite sequence of subgroups
I1=NodN ANy Q... N1 AN, =G

is called a ‘composition series’ if N;;1/N; is a simple group for every 0 <4 < k — 1. In that
case, the quotient groups N;;1/N; are called ‘composition factors’ of G.

Remark 3.70. The given definition of a composition series does not require that each
subgroup N; is normal in G. It requires N; only to be normal in N;y;. For example, in Dg
we have the following two composition series:

(17) {1} € (s) Q(s,7%) < Dg and {1} < (r?) < (r) < Ds.

In both of these sequences, each subgroup N; has index 2 in N;;1, so N; is indeed normal
in N;;1 by Lemma 3.31, and the quotient N;1/N; is simple simply because it has order 2.
However (s) is not normal in Dg.

Remark 3.71. The Jordan-Holder Theorem states that every finite group has a compo-
sition series, which is moreover unique, in a very strong sense. In particular, the natural
number k is uniquely defined, so it is no coincidence that £ = 3 in both of the composition
series occurring in (17). See [2, Thm. 22, p. 103] for a precise statement of the Theorem.

Exercise 3.72. Find three composition series for g and seven composition series for Dsg.

3.3.3. Solvable groups. We now introduce a class of groups that is of great in importance
in Galois theory.
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Definition 3.73. A group G is ‘solvable’ if there exists a finite sequence of subgroups
1=NogdN; INod...dNp 1IN, =G
such that N;1/N; is abelian for every 0 <i < k — 1.
Another example of how to piece together information about a normal subgroup and the

associated quotient into information about the actual group is given by the following useful
result.

Lemma 3.74. Let G be a group and let H be a normal subgroup of G. If both H and G/H
are solvable groups then G is a solvable group.

Proof. We set G := G/H and we fix sequences
1=NodN dNyd...dN,_ 1 AN, =H
and
H=MySM QM <Q...<AM1 AM =G
such that N;y1/N; is abelian for every 0 < i < k — 1 and such that M; /M, is abelian for
every 0 <i¢<1[—1.

By the Fourth Isomorphism Theorem 3.60 there are subgroups M; of G that contain H
for which M;/H = M; and M; < M;; for every 0 < i <[ — 1. By the Third Isomorphism
Theorem 3.58 we then also get that each quotient

M1 /M; = (M1 /H)/(M;/H) = M1 /M;
is abelian.

The sequence of subgroups

1=NodN ANod...dN, 1 ANy =H=My<M I Ma<d...dIM;_ IM; =G
finally shows that G is solvable. 0

3.4. (More) Exercises. Don’t forget to think about the exercises given throughout the
rest of section 3.

Exercise 3.75. Let A be an abelian group and let B be a subgroup of A. Show that A/B
is abelian.

Exercise 3.76. Let GG be a group and let H be a normal subgroup of G.

(i) Let g be an element of G for which g" belongs to H for some natural number n.
Prove that the order of gH in G/H is the minimum of {n € N: ¢" € H}.
(ii) Let g be an element of G for which ¢" ¢ H for each n € N. Prove that gH has
infinite order in G/H.
(iii) Give an example of G, H and g with o(gH) < o(g) < co.

Exercise 3.77. Let f : R* — R* be given by f(x) := |z| (the absolute value of z). Show
that f is a homomorphism and determine the image, the kernel, and all the fibres of f.

Exercise 3.78. Let f : C* — R* be given by f(z + yi) := 22 + % Show that f is a
homomorphism and determine the image, the kernel, and all the fibres of f.
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Exercise 3.79. Let f : Z/8Z — Z/AZ be given by f([a]s) := [a]s. Show that f is a
well-defined homomorphism and determine the image, the kernel, and all the fibres of f.

Exercise 3.80. Let f : Z/247 — Z/12Z be given by f([a]24) := [a]12. Show that f is a well-
defined homomorphism and that ker(f) is isomorphic to 127 /247 and also has isomorphism
class Cs.

Exercise 3.81. Show that

(Z/4Z x 2./4Z) /(([2], [2]))
is isomorphic to Z/4Z x Z./27.

Exercise 3.82. Let F' be Q,R or C. Let G be the subgroup of Gla(F') comprising upper
triangular matrices (with non-trivial determinant). Let f : G — F* x F"* be the function

given by
(G 5) = wa,

Show that f is a surjective homomorphism and determine its fibres. Prove that ker(f) is
isomorphic to F.

Exercise 3.83. Let S' be the unit circle in the complex plane (the multiplicative group
of complex numbers with absolute value equal to 1) and let f : R — S! be the function
given by f(x) := €2™®. Show that f is a surjective homomorphism and determine the

fibres of 1, —1,4 and e*™/3. Repeat the same exercise for the function f : R — S given by
f(x) = etmiz,

Exercise 3.84.

(i) Show that every coset of Z in Q contains exactly one rational number ¢ for which
0<g< 1

(ii) Show that every element of the quotient group Q/Z has finite order, but also that there
exist elements of arbitrarily large order.

(iii) Show that the function f : Q/Z — R/Z given by f(qZ) = qZ is a well-defined injective
homomorphism.

(iv) Show that im(f) = (R/Z)tor, in the notation of Exercise 2.73.

(v) Show that Q/Z is isomorphic to pu := {z € C: 2" =1 for some n € N}.

Exercise 3.85. Let G be a group, let S be a generating set for G and let H be a normal
subgroup of G. Prove that {sH : s € S} is a generating set for G/H.

Exercise 3.86. Show that Dis/Z(D1g) is isomorphic to Dg. Show that

(D16/Z(D1s)) /Z (D16/Z(D1s))

is isomorphic to Z/27Z x Z/2Z. Show that H := (sZ(D1g),72Z(D1g)) is a normal subgroup
of D16/Z(D1g) and determine the isomorphism class of

(D16/Z(D1g))/H.

Exercise 3.87.
(i) Prove that the intersection of two normal subgroups of a group is a normal subgroup.
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(ii) Prove that the intersection of an arbitrary non-empty collection of normal subgroups of

a group is a normal subgroup.
(iii) Prove that if N < G and H < G then NN H < H.

Exercise 3.88. Prove that a subgroup H of a group G is normal in G if and only if
gHg™ ' C H for every g € G.

Exercise 3.89. Set

1 a
H.—{<0 1>.a€Z}.
Show that H is a subgroup of Gla(Q). Show that

—1
2 0 2 0
(0 1>H(0 1) < H.

Show that <§ (1)) does not normalise H.

Exercise 3.90. Let GG be a group.
(i) Let S be a subset of G. Prove that (S) is normal in G if and only if
989~ C (S)

for every g € G.

(ii) Given x € G, show that (x) is normal in G if and only if for each g € G, one has
grg~! = z° for some a € Z.

(iii) Let n be a natural number and set

Sn:={g € G:o0(g) =n}.
Prove that H,, := (S,) is normal in G.
Exercise 3.91. Let GG be a group and let H be a finite subgroup of G.
(i) Show that an element g of G normalises H if and only if
gHg ' C H.
(ii) Let S be a generating set for H. Show that an element g of G normalises H if and
only if
9Sg~' C H.
(iii) Let T be a generating set for G. Prove that H is normal in G if and only if
tSt™tcH
for every ¢ in T'.

Exercise 3.92. Let G be a group. Show that ¢g* belongs to Cz({g}) and to N¢({g}) for
any g € G and any a € Z.

Exercise 3.93. Consider the subset S = {1,7r,7%,73} of Dg. Show that Cp,(S) = S,
that Npy(S) = Ds and that Z(Dg) = {1,7?}. Show that Dg/Z(Dsg) is isomorphic to
7.)27 x 7,)2Z.
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Exercise 3.94. For n > 3, show that Z(Ds,) = {1} if n is odd and that Z(Ds,) = {1,7"/?}
if n is even.

Exercise 3.95. Let G be a group. Show that Cq(Z(G)) = Ng(Z(G)) = G.

Exercise 3.96. Let H be a subgroup of a group G. Show that H is a subgroup of Ng(H).
Prove that H is a subgroup of C¢(H) if and only if H is abelian.

Exercise 3.97. Show that C¢((g)) = Cc({g}) for any g € G.

Exercise 3.98. Let H < G and let N <4 H. Prove that H < Ng(N). Deduce that Ng (V)
is the largest subgroup of G in which N is normal.

Exercise 3.99. Prove that every subgroup of QJg is normal in s and determine the iso-
morphism class of each quotient of Qsg.

Exercise 3.100. Find all normal subgroups of Ds.

Exercise 3.101. Let n > 3 be a natural number and let k£ be a natural number dividing
n. Prove that (r¥) is normal in Dy, and that Da,/(r*) is isomorphic to Do.

Exercise 3.102. Let G be a group. Prove that if G/Z(G) is cyclic then G is abelian.
Exercise 3.103. Let GG and J be groups. Prove that
Hy={(g9,1): g € G}
is a normal subgroup of G x J and that
(Gx J)/Hy = J.
Exercise 3.104. Let A be an abelian group and set
D :={(a,a) :a € A}.
Prove that D is a normal subgroup of A x A and that
(Ax A)/D = A.
Exercise 3.105. Prove that {(a,a) : a € S3} is not normal in S3 x Ss.

Exercise 3.106. Let G be a group,

(i) Let H be a normal subgroup of G. Prove that, given x and y in G, the elements
xH and yH of G/H commute if and only if the ‘commutator element’

[2,y] =2y ay

of x and y belongs to H.
(ii) Prove that the ‘commutator subgroup’ of G, defined as

G = {[z,y] : z,y € G}),
is normal in G, and also that the quotient group G/G’ is abelian.

Exercise 3.107. Let H and K be normal subgroups of a group G for which H N K = {1}.
Prove that any element of H commutes with any element of K.
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Exercise 3.108.

(i) Find a group G with a normal subgroup H of G for which both H and G/H are abelian
but G is not.

(i) Find a group G with a normal subgroup H of G for which both H and G/H are cyclic
but G is not.

Exercise 3.109. Let f : G; — G2 be a group homomorphism.

(i) Show that for any subgroup Hs of Ga, the pre-image f~!(Ha) is a subgroup of G1.

(ii) Show that if in addition Hs is normal in G then f~!(Hj) is normal in Gj.

(iii) Show that if f is surjective and Hj is a normal subgroup of G then f(Hp) is a
normal subgroup of G3. (We already knew, from Proposition 2.13, that the image
of any subgroup of G; under any homomorphism G; — G is always a subgroup of
G2.)

(iv) Show that if H; is any subgroup of G that contains ker(f) then f~1(f(H;)) = H;.

Exercise 3.110. Let H < K < G. Prove that [G : H| =[G : K|[K : H].

Exercise 3.111. Prove that S4 does not have any normal subgroups of order 8 or of order
3.

Exercise 3.112. Let G be a finite group, let H be a subgroup of G and let K be a normal
subgroup of G. Prove that if |H| and [G : K| are coprime then H is contained in K.

Exercise 3.113. Prove that if K is a normal subgroup of a finite group G and |K]| is
coprime to [G : K], then K is the unique subgroup of G of order |K]|.

Exercise 3.114. Let G be a group. Let A be an abelian subgroup that is normal in G and
let B be any subgroup of GG. Prove that A N B is normal in AB.

Exercise 3.115. Let G be a group and let H be a normal subgroup of G whose index
[G: H| = pin G is a prime number. Prove that any subgroup K of G is either contained
in H or satisfies both G = HK and [K : (K N H)] = p.

Exercise 3.116. Let G; and G2 be groups and let H; and Hy be normal subgroups of G
and of G4 respectively. Prove that Hi X Hs is normal in G; X G2 and that

(G1 X GQ)/(H]_ X HQ) = (G1/H1) X (GQ/HQ)

Exercise 3.117. Let G be a group and let H and K be normal subgroups of G with the
property that G = HK. Prove that

G/(HNK)=(G/H) x (G/K).
Exercise 3.118. Let p be a prime number and write
fipee :={z € C: 2" =1 for some n € N}

for the group of p-power roots of unity. Prove that p,~ is isomorphic to a quotient of e
by a non-trivial subgroup of fiec.

Exercise 3.119. Use Cauchy’s Theorem 3.64 to prove that a finite abelian group has a
subgroup of order d for every positive divisor d of |G|.
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Exercise 3.120. Prove that subgroups and quotient groups of a solvable group are solvable.

Exercise 3.121. Let G be a finite group. Prove that the following conditions are equivalent
for G:

(i) G is solvable.
(ii) There exists a finite sequence of subgroups
1=NogdN;IN,Q...dN, 1 AN, =G
such that N;;1/N; is cyclic for every 0 <i < k — 1.
(iii) All composition factors of G are of prime order.
Exercise 3.122. Prove, without using the Feit-Thompson Theorem, that the following
conditions are equivalent:

(i) Every finite group of odd order is solvable.
(ii) The only simple groups of odd order are those of prime order.
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4. GROUP ACTIONS AND SYLOW’S THEOREM

4.1. Symmetric and Alternating groups. In this section we fix n > 3 and we continue
the study of the symmetric groups 5, that we briefly started in §1.2.1, and we introduce
another important class of groups, the alternating groups A,,, which in particular serve as
our basic example of non-abelian simple groups.

Before proceeding we recall that for any non-empty set €2 we have defined the symmetric
group Sq on {2 as the group of permutations of (2. The following useful terminology will be
consistent with the new terminology that we will introduce in §4.2 below.

Definition 4.1. A group G is called a ‘permutation group’ if it is a subgroup of a symmetric
group Sq for some non-empty set €.

4.1.1. Orders of permutations. Before introducing any new contents we briefly study the
order of a permutation.

Lemma 4.2. An m-cycle in S, (for any m < n) has order equal to m.

Proof. Clearly an m-cycle ¢ = (a1, ..., a,) satisfies ¢™ = 1. For k < m however, c*(a1) =
apy1 # a1 so ¥ # 1, which completes the proof. O

We already noted in (4) the very useful fact that disjoint cycles commute. Let us record
this fact formally for later use.

Lemma 4.3. Disjoint cycles commute.

Proof. Assuming the cycles o = (a1,...,a,,) and 7 = (b1,...,b,) to be disjoint, the

function ¢ o 7 maps a; to o(a;), maps b; to 7(b;), and fixes any number in {1,...,n} \
{ai,...,am,b1,..., by }. The same description holds for the function 7 o o, so they are
equal. O

Exercise 4.4. Find a 10-cycle o in Syo for which o* = (1,2)(3,4)(5,6)(7,8)(9, 10) for some
k € N.

Exercise 4.5. Show that an element of S, has order equal to 2 if and only if its cycle
decomposition is a product of 2-cycles.

Lemma 4.6. Let p be a prime number. An element of S,, has order equal to p if and only
if its cycle decomposition is a product of p-cycles.

Proof. We first recall that a non-trivial element g of a group has order p if and only if
gl =1.

Now, if o has cycle decomposition oj . ..o, then, because disjoint cycles commute by
Lemma 4.3, the cycle decomposition of 0% is 0¥ ... o for each k € N.

The element ¢ has order p if and only the cycle decomposition of ¢? is the identity, and
by the above discussion, this happens if and only if o¥ = 1 for each i, which happens if and
only if each o; has order p. By Lemma 4.2 this happens if and only each o; is a p-cycle, as
required. ]

Exercise 4.7. Find a counterexample to Lemma 4.6 for an integer p that is not prime.
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Exercise 4.8. Assume that an element o of S, has cycle decomposition 7y ...7:. Prove
that o(o) = lem(length(7y), ..., length(r)).

Exercise 4.9.
(i) Find all numbers m for which S5 contains an element of order m.
(ii) Find all numbers m for which S7 contains an element of order m.

4.1.2. Signs of permutations and Alternating Groups. We already mentioned the following
useful in Notation 1.27 (iii) terminology.

Definition 4.10. A 2-cycle in S5, is also called a transposition.

Lemma 4.11. Every element of Sy, is a product of transpositions. More precisely, S, = (T')
where T :={(i,7): 1 <i<j<n}CS,.

Proof. Any cycle has an equality of the form
(18) (a1, a2, ..., am) = (a1, am)(a1, am-1)(a1, am-2) . .. (a1, az).
Since any permutation is a product of cycles, it is also a product of transpositions. ]

Remark 4.12. Although clearly every element of S,, can be expressed as a product of
transpositions, such decompositions are not unique. For instance in S3 one has

(1,2,3) = (1,2)(2,3) = (1,3)(1,2) = (1,2)(1,3)(1,2)(1,3).

In fact there is an infinite number of ways to write this permutation as a number of trans-
positions. However, it is impossible to write (1,2,3) as a product of an odd number of
transpositions!

Exercise 4.13. In Si3, write (1,12,8,10,4)(2,13)(5,11,7)(6,9) as a product of transposi-
tions.

Exercise 4.14. Show that S, is not abelian.
We now formally introduce the notion of the sign of a permutation.

Definition 4.15. Consider the polynomial
A=A(zy,...,xy) = H (i — xj)
1<i<j<n

in n variables. For each ¢ in S,, we then define a polynomial

o(A) = H (:Ecr(i) - xa(j))'

1<i,j<n
We then define the sign of o to be
+1, if 0(A) = A,
19 =

(19) sen(o) {—1, if o(A) = —A.
We say that o is even if sgn(c) = 1 and that o is odd if sgn(c) = —1.
Lemma 4.16. The equality (19) defines a function on all of Sy, called the sign function.
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Proof. Fix 0 € S,,. Fix k and | with 1 < k <l < n. Recall that ¢ is a bijection from
{1,...,n} to itself, and write o~! for its inverse. If 071 (k) < 0~ 1(I) then o(A) has a factor
T} — 21, but cannot have a factor 2; — xy. If on the other hand o~1(k) > o~1(I) then o(A)
has a factor x; — xj, but cannot have a factor zp — x;.

Write t(o) for the cardinality of the set {(k,l): 1 <k <1< n,0 (k) > o~1(I)}. Then
o(A) is the product [ [, <1<, (2 —27), in which the minus sign occurs exactly (o) times.
Therefore

(20) o(8) = (1)@ [[ (o —m) = (—1)1@A e {£A}.
1<k<I<n
This shows that sgn does assign a value to o, as required. O

Remark 4.17. In the sequel we will use the notation ¢(o) for the cardinality of the set
{(i,§): 1 <i<j<mn,0 (i) > o~ 1(j)}, so that (20) shows that sgn(c) = (—1)4).
Exercise 4.18. In S we consider 0 = (1,2,3,4) and 7 = (4,2, 3). Compute sgn(7),sgn(c)
and sgn(70).

In the next result we interpret {1} as a group under the usual multiplication (which
gives it isomorphism class Cy as it has order 2).

Proposition 4.19. The function sgn : S, — {£1} is a surjective group homomorphism,
and all transpositions are odd.

Proof. By Remark 4.17, to verify that sgn is a homomorphism it is enough to prove that
(21) t(o) +t(o") =t(oo’) (mod 2)

for any o,0’ € Sy, since then sgn(o)sgn(o’) = (—1)H+H) = (—1)107) = sgn(g0’).

To prove the required congruence relation we recall that (co’)~! = (¢/)~'o~!. Using this
equality, a case by case analysis of the possible parities of (o) and t(¢’) easily shows the
required congruence (21).

From the fact that sgn is a homomorphism it follows that sgn(1) = 1, so if we can prove
that all transpositions are odd, then in particular sgn is surjective.

We first compute sgn((1,2)). It is clear that {(4,7) : 1 <i < j <n,(1,2)(@) > (1,2)(j)} =
{(1,2)} so t((1,2)) = 1 and sgn((1,2)) = —

Let (k,l) be any transposition in S,. Then

(k,0) = (1,k)(2,0)(1,2)(1, k)(2,1)

and, since sgn is a homomorphism, we get that

sgn((k, 1)) =sgn(((1, k) (2,1))(1,2)((1, k)(2,1)))
gn((1,k)(2,1)) sgn((1,2)) sgn((1, k)(2,1))
)

1)sgn((1, k)(2,1))°
]‘?

(

as required. ]
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Corollary 4.20. For a given element o of Sy, the parity of the number of transpositions
in every expression of o as a product of transpositions is the same. In particular, o is even
if this parity is even and o is odd if this parity is odd.

Proof. By Proposition 4.19 we know that sgn(c) = (—1)* whenever o can be expressed as a
product of k transpositions. Therefore the parity of k cannot depend on the choice of such
an expression, and corresponds to whether ¢ is even or odd. ]

Corollary 4.21. An m-cycle is even if m is odd and odd if m is even.

Proof. This follows upon combining Proposition 4.19 with (18), as they imply that

sgn((ay,...,am)) = (—1)™ L
U

Corollary 4.22. A permutation is odd if and only if the number the number of cycles of
even length in its cycle decomposition is odd.

Proof. This follows immediately upon combining Proposition 4.19 and Corollary 4.21. [
Example 4.23. In Sig, the permutation
(1,2,3,4,5,6)(7,8,9)(10,11)(12,13,14,15)(16, 17, 18)
is odd, but the permutation
(1,2,3,4,5,6)(7,8,9,10,11,12,13,14, 15,16, 17, 18)
is even.
Definition 4.24. The ‘alternating group of degree n’ is
A, = ker(sgn: S, — {£1}),
which is the (normal) subgroup of S,, comprising even permutations.
Lemma 4.25. |A,| =n!/2.

Proof. By the First Isomorphism Theorem 3.44, we know that A, is normal in S, and
we have an isomorphism S, /A4, = im(sgn) = {1}, which implies that 2 = |S,/A,| =
|Sn|/|An|. We already know that |S,| = n! by Lemma 1.26, which completes the proof. [

Exercise 4.26. Prove that A3 has isomorphism class Cj.
Exercise 4.27. Prove that A4 is not abelian.

4.2. Group actions.

4.2.1. Definitions, examples and general properties.

Definition 4.28. Let G be a group and let A be a non-empty set. A ‘group action’ of G
on A is a function

GE@xA—=A
which, abbreviating -(g,a) to g - a, satisfies the following properties:
(A1) g1 (g2 -a) = (g192) - a for all g1, g2 € G,a € A.
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(A2) 1-a=a for every a € A.
We say that ‘G acts on A via -, or simply that ‘G acts on A’ when the action is clear from
the context.

Notation 4.29. The expression g - a is often further abbreviated to ga.

Remark 4.30. To be more precise, we should have defined the function - to be a ‘left group
action’ or a ‘group action from the left’, as there exists an analogous notion of a right group
action, which we will not use here.

Recall that S4 is the set of permutations of a set A.

Definition 4.31. The ‘permutation representation’ associated to a group action of G on
A is the function
p:G— Sy
which, after abbreviating p(g) to pg, is defined by
(22) pgla) =g-a
for each g € G and each a € A.

For this definition to make sense we must immediately verify that each function p, is
indeed a permutation of A!

Lemma 4.32. Let G act on A. Then for every g € G, the function py : A — A defined by
(22) belongs to S4.

Proof. 1t is enough to show that p, has a double-sided inverse, which will be pg-1.
For any a € A we have

(g1 0 pg)(a) = pg-1(pg(a)) = pg-1(g-a) =g ' - (g-a) =(97'9)-a=1-a=a.

This proves that pg-10py = id4. The same argument shows that pgops—1 = p(g-1)-10p4-1 =
id4, so py—1 is indeed a double-sided inverse of py. O

The permutation representation p is in fact a group homomorphism.
Lemma 4.33. Let G act on A. Then the function p: G — S4 is a group homomorphism.
Proof. For every g1,g2 € G and a € A we have

(P(9192))(a) = pgig:(a) = (9192) - @ = g1 - (92 - a)

= 91 Pg2(a) = pgi (pgo(a)) = (g, © pgy)(a) = (p(91) © p(g2))(a)-
This means that p(g192) = p(g1) o p(g2), as required. O

Exercise 4.34. Let G be a group and let A be a non-empty set. Let f : G — S4 be a
group homomorphism. Prove that the function G x A — A given by

(23) g-a:=(f(9))(a)

is a group action of G on A. Conclude that the set of group actions of G on A and the set
of group homomorphisms G — S4 are in bijective correspondence.
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Definition 4.35. Given a group G, and following Exercise 4.34, we define a ‘permutation
representation of G’ to be a homomorphism f : G — S4 for any non-empty set A. We shall
say that the action (23) of G on A ‘induces’ the associated permutation representation f.

Examples 4.36.

(i) The ‘trivial action’ of G on A is g-a = a for every g € G and a € A. The associated
permutation representation is the trivial homomorphism G — S4 which maps every g € G
to 14.

(ii) Let F be either Q, R or C (or any field) and let V' be a vector space over F. Then the
multiplicative roup F* acts on V via scalar multiplication. In particular, in this way, F™*
acts on F.

(iii) For any non-empty set A, the group G = Sy4 acts on A via evaluation, g - a = g(a).
The associated permutation representation is the identity homomorphism S4 — S4.

(iv) The group G = Dy, also acts on A = {1,...,n} via evaluation. The associated
permutation representation is the inclusion Ds,, C S,. This action has a natural geometric
interpretation, by identifying the set A with the set of vertices of a regular n-gon: evaluation
of an element of G = Dy, then simply means applying the corresponding symmetry to the
n-gon.

(v) Any group G acts on the set A = G via left multiplication, g - ¢’ = g¢’. This action is
called the (left) regular action of G on itself.

Definition 4.37. The subgroup {g € G : g-a = a for all a € A} of G is the ‘kernel of the
action of G on A’.

Exercise 4.38. Prove that the kernel of the action of G on A is equal to the kernel of the
associated permutation representation p. Determine the kernel of each action described in
Examples 4.36.

Exercise 4.39. Let G be a group and consider the set A = G.

(i) Find an example of group G for which the formula g - a = ag does not define an
action of G on itself.

(ii) Show that the formula g - a = ag~! does define an action of G on itself. Describe
the associated permutation representation.

(iii) Show that the formula g -a = gag~' does define an action of G on itself, called the
‘conjugation action’. Describe the associated permutation representation and the
kernel of the action.

(iv) Given an action of G on A and a subgroup H of G, show that H acts on A via the
restriction of the original action, with associated permutation representation of H
given by the restriction of the permutation representation of G.

(v) In particular, any subgroup H of G acts on A = G via left multiplication, h -
a = ha, and via conjugation, h - a = hah~!. Describe the associated permutation
representations.

Definition 4.40. Let G act on A. For each a € A, the ‘stabiliser’ of a in G is the set
Go={9€G:g9-a=a}.
Lemma 4.41. For any a € A, the subset G, is a subgroup of G.
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Proof. By the axiom (A2) we know that 1 belongs to Gj.
If g, h belong to G, then

(gh)-a=g-(h-a)=g-a=a,

so gh belongs to G,.
Finally, if g belongs to G, then

a=1l-a=(g"g)ra=g" (9g-a)=g"'a,

so g~ ! also belongs to G,. g

Example 4.42. In Example 3.34 we showed that the subgroup {o € Sy : 0(1) = 1} is not
normal in Sy. This subgroup is the stabiliser G; of 1 € A of the action via evaluation of
G = Sy on the set A ={1,2,3,4}, as described in Examples 4.36 (iii).

More generally, one can prove that for the action via evaluation of G = S,, on the set
A={1,...,n} and for any i € A, the stabiliser

Gi=1{o€8Sy:o(i) =1}

of 7 is not normal in G = S,,. In fact, one can show that Ng(G;) = G; so, in some sense,
G is as far from being normal in .S, as possible.

Exercise 4.43. Prove that for the action via evaluation of G = S,, on the set A = {1,...,n}
and for any i € A, the stabiliser GG; of i is not normal in G = S,,. Prove also that G; is
isomorphic to S, _1.

Exercise 4.44. For the action via evaluation of G = Dg on the set A = {1,2,3,4}, find
the stabiliser of every element of A.

Proposition 4.45. Let G act on A. Then the binary relation on A defined by a ~ b if
a = g-b for some g € G is an equivalence relation. In addition for each a € A, the
cardinality of the equivalence class [a] of a under ~ is [G : Gg].

Proof. The relation ~ is reflexive because a = 1-a by (A2).
If a ~ b with a = g - b then

b=1-b=(g'g)-b=g '-(g-b)=g"q,

so b ~ a. The relation is thus symmetric.

Ifa~band b~cwitha=g-bandb=h-cthena=g-(h-c)=(gh)-csoa~c. The
relation is thus transitive and therefore an equivalence relation, as required.

We now compute the cardinality of [a] = {g-a : g € G}. It is enough to construct a
bijection from [a] to the set of left cosets of G, in G.

We first claim that mapping g - a to gG, for any g € G gives a well-defined injection.
Indeed, for elements g, h of G, one has g-a = h - a if and only if the element h=! - (g-a) =
(h~1g) - a is equal to a, if and only if h~1g belongs to G, if and only if ¢G, = hG,,.

Knowing that (g -a) — gG, is a well-defined map, it is also clearly surjective, thus gives
a bijection between [a] and the set of left cosets of G, in G. This proves that the cardinality
of [a] is [G : G,). O
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Definition 4.46.

(i) For each a € A, the equivalence class [a] = {g-a: g € G} is called to ‘orbit’ of a in G.
We sometimes denote it by O or simply by O, when G is clear from context.

(ii) The action of G on A is called ‘transitive’ if for every pair a,b in A there exists a g € G
with a = g - b.

(iii) For any subgroup H of S,, the ‘orbits of H’ will be the orbits of the elements of
A ={1,...,n} in H under the evaluation action of H (obtained as the restriction of the
evaluation action of S,,). For any o € S,,, the ‘orbits of ¢’ will be the orbits of (o).

Exercise 4.47. Show that the action of G is transitive if and only if O, = O for every
a,b € A, and that the action of G is transitive if and only if O, = G for every a € A.

Exercise 4.48. Prove that the evaluation action of G = S, on A = {1,...,n} is transitive.

Remark 4.49. Recall from Exercise 4.39 that if G acts on A then any subgroup H of G
acts on A via the restriction of the original action. However, even if the original action of
G is transitive, the action of H need not be transitive.

For instance we consider the evaluation action of G = Sy on A = {1,2,3,4} and we
set H := ((1,2), (3,4)). We know from Exercise 4.48 that the action of G is transitive.
However, for the action of H we have the orbit

Of ={h(1):he H} ={1,2}

of 1 € A and the orbit
Of ={h(3):he H} ={3,4}
of 3 € A, so there is more than one orbit for this action and it is not transitive.

Exercise 4.50. Find all the orbits of the action of the cyclic subgroup H = ((1,2)(345))
of G=550n A=1{1,2,3,4,5}.

4.2.2. Cycle decompositions. In §1.2.1 we already explained that every element of S, has
a cycle decomposition, and that this decomposition is unique, up to re-ordering of the
(disjoint) cycles (we know disjoint cycles commute by Lemma 4.3), and obviously also up
to choosing which number to write first within each individual cycle (since (a1, ..., an) =
(@iy@it1y -y Qm,al,...,a;—1)). See also [2, p. 30] for an algorithm that leads to the cycle
decomposition of any permutation.

In this section we use the theory of group actions to give an alternative justification of
the existence and uniqueness of cycle decompositions.

Fix 0 € S, and set H := (o) and A := {1,...,n}. By Proposition 4.45 we know that the
set {OF :q € A} is a partition of A.

We fix a € A and write H, for the stabiliser of a in H. From the proof of Proposition
4.45 we also know that there is a (well-defined) bijection between O and the set of left
cosets of H, in H, given by

o'(a) — o'H,,.
Since H, is cyclic it is abelian, so H, is normal in H, and the given bijection is between
O and H/H,. Moreover H/H, is a cyclic group of order d := [H : H,) = |H/H,| = |OX].
We conclude that
O = {a,0(a),0%(a),...,0% 1 (a)}.



74 DANIEL MACIAS CASTILLO

The above argument shows that o cycles the elements of any given orbit O¥. Put another
way, given an orbit O of cardinality dpr, o acts on its elements as a dpr-cycle.

Since that set of orbits O is a partition of A, we obtain a decomposition of ¢ into
disjoint cycles by simply composing the dym-cycles corresponding to each different orbit
of.

Now, these orbits are uniquely determined by o, although of course we may compose their
associated cycles in whichever order we wish (again, disjoint cycles commute by Lemma 4.3).

Within each orbit Of we may begin with any element b € OF as a representative.
Choosing some o’ (a) € OX as the initial representative of the orbit O = O (a) Instead of

a, we simply end up re-ordering the elements of OF as
oi(a),ca),..., 0% a),a,0(a),...,0  a).

This change in the corresponding cycle simply amounts to writing a different number in
first place.

4.2.3. Left multiplication action and Cayley’s Theorem. We recall that any group G acts
on itself (the set A = G) via left multiplication, meaning that

g-a:=ga
for any ¢g,a € G. This action is sometimes called the ‘(left) regular action’ of G. We write p
for the associated permutation representation, which is sometimes called the ‘(left) regular
representation’ of G.

If G is a finite group then any choice of bijection o between G and {1,...,|G|} induces
an isomorphism o* : S¢ & S|, given by

(@(0))(i) = (oo 0a™)(i)
for every o € Si and every i € {1,...,|G|}. In this way we may then identify the permuta-

tion representation p with a homomorphism G — S|¢|, and often omit the choice of v from
the notation.

Example 4.51. Let G = Z/27 x 7Z/27 and set «((0,0)) =1, «((0,1)) = 2, a((1,
and «((1,1)) = 4. We identify p with a homomorphism G — S4. Obviously p(0,
We compute the remaining values of p.

We have

0)) = 3
0) = 1.

p((0,1))(1) = p((0,1))(0,0) = (0,1) + (0,0) = (0,1) =2,
p((0,1))(2) = p((0,1))(0, 1) = (0,1) + (0,1) = (0,0) = 1,
p((0,1))(3) = p((0,1))(1,0) = (0,1) + (1,0) = (1,1) = 4,
p((0,1))(4) = p((0, 1))(1,1) = (0,1) + (1,1) = (1,0) = 3,
p((1,0))(1) = p((1,0))(0,0) = (1,0) + (0,0) = (1,0) = 3,
p((1,0))(2) = p((1,0))(0, 1) = (1,0) + (0,1) = (1,1) = 4,
p((1,0))(3) = p((1,0))(1,0) = (1,0) + (1,0) = (0,0) = L,
p((1,0))(4) = p((L,0))(1,1) = (1,0) + (1,1) = (0,1) = 2,
p((1,1))(1) = p((1,1))(0,0) = (1,1) + (0,0) = (1,1) = 4,
p((1,1))(2) = p((L,1))(0,1) = (1,1) + (0,1) = (1,0) = 3,
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So we find

p((0,1)) = (1,2)(3,4), p((1,0)) = (1,3)(2,4) and p((1,1)) = (1,4)(2,3).
Please observe that this action is transitive and also that the stabiliser of each element

of G is {1}, and therefore the kernel of the action and of the associated representation is
also trivial.

Proposition 4.52. The (left) regular action of any group G is transitive, the stabiliser of
each element of G is trivial and the kernel of this action, or equivalently of the (left) regular
representation, is also trivial.

Proof. For any a,b € G we have a = (ab~1)b, so the action is transitive.

For any a in G, the stabiliser G, = {g € G : ga = a} is trivial by the usual cancellation
property.

Finally, the kernel of the action is clearly equal to (),co Ga, Which is trivial since each
G, is. O

We may now easily deduce Cayley’s Theorem from Proposition 4.52.

Theorem 4.53. FEvery group is isomorphic to a permutation group. In particular, if G is
a finite group then G is isomorphic to a subgroup of S\q|-

Proof. 1t is enough to prove that any group G is isomorphic to a subgroup of Sg. The final
claim would then also follow because if G is finite then S¢ is isomorphic to S|g|.
Now the (left) regular representation
p:G— Sg
is injective by Proposition 4.52, so it defines an isomorphism from G to im(p). This com-
pletes the proof. O

Remark 4.54. Of course, Cayley’s Theorem does not state that G is isomorphic to Sg,
which would be a blatantly false statement. For instance, in Example 4.51 we showed that
Z7./27 x ZJ2Z is isomorphic to the subgroup

{1,(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}
of Sy. It certainly cannot, however, be isomorphic to Sjy.
Exercise 4.55. Let G be a group and let H be a subgroup of G. Write A for the set of
left cosets of H in G.
(i) Prove that G acts via left multiplication on the set A,
g9-(g'H) = (99)H.
(ii) Prove that this action is transitive.
(iii) Prove that the stabiliser of H € A is H C G.

)
)

(iv) Prove that the kernel of the action is () cq gHg™ .
)

(v) Prove that the kernel of the action is the largest normal subgroup of G contained
in H.
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We use Exercise 4.55 to prove a generalisation of Lemma 3.31.

Lemma 4.56. Let G be a finite group. Let p be the smallest prime divisor of |G|. Then
any subgroup of G of index p is normal in G.

Proof. Let H be a subgroup of G of index p. Let K be the kernel of the action of G on the
set A of left cosets of H in G. By assumption, A has cardinality p. By Exercise 4.55 (v),
K is contained in H, and we set k := [H : K]. It will be enough to prove that k = 1, since
then H = K is normal in G.

We first note that the permutation representation p : G — Sy = S}, induces, by the First
Isomorphism Theorem 3.44, an isomorphism

G/K = im(p).

Since
|G/K|=|G: K]=[G: H|[H : K] = pk,
the subgroup im(p) of S, has order pk. By Lagrange’s Theorem 2.61 we get that pk divides
pl.
It follows that k divides p!/p = (p — 1)!. Since all prime divisors of (p — 1)! are smaller
than p, all prime divisors of k are smaller than p.
On the other hand, if £ is a prime divisor of k£ then ¢ also divides

G HIk|K| = [G: H][H : K][K : {1}] = |G,

which would contradict the minimality of p. Therefore k has no prime divisors, or equiva-
lently £ = 1, as required. ]

Remark 4.57. In the setting of Lemma 4.56, there might not be any subgroups of G of
index p. For example, A4 has order 12 but no subgroups of index 2. In such cases, the
Lemma does not say anything.

4.2.4. Conjugation action and the class equation. We recall that any group G also acts on
itself (the set A = () via conjugation, meaning that

g-a:=gag "

for any g,a € G. Indeed, one has both
g1-(92-a) = g1 - (92095 ") = g1g2a95 "9 " = (g192)a(g192) ™" = (9192) - @

and also 1-a = lal™! = 1lal = a.

Definition 4.58. The orbits of G under the conjugation action are called the ‘conjugacy
classes’ of G. (Two elements a and b of G are conjugate if and only if they belong to the
same conjugacy class.)

Examples 4.59. (i) If G is abelian then the conjugation action of G coincides with the
trivial action of G on G, as g -a = gag~! = a for every g and a.
(ii) If G is non-trivial then the conjugation action of G is never transitive: the conjugacy
class O1 of 1 is

Or={g-1:9€G}={glg~':ge G} ={1},
so it cannot be equal to G.



ALGEBRAIC STRUCTURES 7

(1,2) =

(iii) We compute all conjugacy classes in S3. We have O; = {1}. We have 1-(1,2) ,
(1,2),

1.2) =
(1,2)-(1,2), (1,3)- (1,2) = (2,3) = (1,2,3) - (1,2), (2,3) - (1,2) = (1,3) = (,3,2)

SO we get

0(1,2) = {(17 2)7 (17 3>7 (27 3)}
We know (1,2, 3) belongs to O 93y so it is enough to determine whether (1, 3,2) belongs
to this same conjugacy class or not. One finds that (1,2)-(1,3,2) = (1,2, 3) so we only get
a a third conjugacy class

0(1,2,3) = {(17 2, 3)7 (17 3, 2)}
Exercise 4.60. Prove that an element a of G belongs to Z(G) if and only if its conjugacy
class O, is equal to {a}, if and only if the conjugacy class of a is a singleton. Deduce that
the conjugation action of G restricts to define a conjugation action of G on the set G\ Z(G).

Proposition 4.61. The conjugacy class of any element g of G has cardinality |G : Ca(g)].

Proof. By Proposition 4.45 we know that the conjugacy class of g has cardinality [G : G,
where G, denotes the stabiliser of g under the conjugation action. But clearly G, =
Cal(9)- O

Exercise 4.62. Let G be a group. We write A(G) for the set of subsets of G. We define a
‘conjugation action of G on A(G)’ by setting

(24) g-S:=gSg”"
for any g € G and any S € A(G). Two subsets of G are conjugate if and only if they belong
to the same orbit under this action.

(i) Verify that (24) does indeed define an action of G on A(G).
(ii) Prove that the number of conjugates of a subset S of G is [G : Ng(9)].

We now apply Proposition 4.61 to obtain the ‘Class Equation’. Before stating this result,
we recall from Exercise 4.60 that any element a of Z(G) has conjugacy class {a}, and thus
that the conjugation action of G restricts to define a conjugation action of G on the set
G\ Z(G).

Theorem 4.63. Let G be a finite group and let g1, ..., g be a set of representatives of the
distinct conjugacy classes of G\ Z(G). Then

i=r
(25) G| = 1Z(G)|+ ) G : Calgi):

i=1
Proof. Let Z(G) = {z1,22,-..,2m}. Let K1,Kq,...,K, be the distinct conjugacy classes of
G\ Z(G), each with representative g; for 1 <i < r (meaning that IC; = O, is the conjugacy
class of g;). Then the full set of conjugacy classes of G is

{21}7 {22}7 EERR {Zm}y lCl, ’C27 s 7IC’I‘7
which is a partition of G (by Proposition 4.45). Therefore

o =31 Zvcw 2G)|+ S IG : Calan),
=1 =1

where we have used that the cardlnahty of IC; is [G : C¢(gi)] by Proposition 4.61. O
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Examples 4.64. (i) If G is abelian then Z(G) = G and therefore the Class Equation is
the trivial statement |G| = |G]|.

(ii) In any group G and for any g € G we have (g) < Cg(g), and for any g € G\ Z(G) we
have C;(g) # G. This observation helps compute conjugacy classes. For instance in G = Qg
we have Z(Qg) = {£1}. We have i ¢ Z(Qs), so Cg,(i) # Qs, and also (i) < Cg,(i) < Qs
with [Qg : (7)] = 2. Therefore Cg,(i) = (i) and the conjugacy class of i has cardinality
2, meaning it is {£i} (since —i = kik~!) and contains no other elements. Similarly one
computes that the conjugacy class of j is {5} and the conjugacy class of k is {£k}.

(iii) In G = Dg we have Z(Dg) = {1,72}. We have (r) < Cp,(r) < Dg with [Dg : (r)] = 2
so Cp,(r) = (r) and the conjugacy class of r has cardinality 2, meaning it is {r, 73} (since
r3 = srs) and contains no other elements. For the element s of Dg we could a priori either
have Cp,(s) = (s) = {1,s} or |Cp,(s)| = 4, but clearly 7? belongs to Cp,(s), so it must be
the latter situation. Thus [Dg : Cp,(s)] = 2 and the conjugacy class of s is {s, sr?} (since
sr?2 = rsr~!). There are two remaining elements in Dg, namely sr and sr3, and they must
form the final conjugacy class {sr, sr3} together, as neither of them is in Z(Dg) and thus
neither of them can form a conjugacy class as a singleton.

We now give some important applications of the Class Equation.

Theorem 4.65. Let G be a group whose order is a power of a prime number. Then
Z(G) #{1}.

Proof. Let |G| = p™ for some n € N. For any g € G\ Z(G) we know Cg(g) # G, and since
[G : Cg(g)] divides |G| it must be a power of p. Now in the Class Equation 25 p divides
both |G| and Y ;=|[G : Cq(g:)] so it must also divide |Z(G)|, which is thus greater that
1. (|

Corollary 4.66. If p is a prime and G is a group of order p*, then G is abelian and its
isomorphism class is either Cp2 or Cp X Cp.

Proof. Since Z(G) # {1} by Theorem 4.65, the quotient G/Z(G) can only have order 1 or
p, and is therefore cyclic either way. By Exercise 3.102 we then know that G is abelian.

If G has an element of order p? then G is cyclic and hence has isomorphism class Cp.
Otherwise, every x # 1 in G must have order p. We assume that this is the case.

Fix any « # 1 and then fix any y in G \ (z). Both z and y have order p. We have
(z) € (z,y) < G (with the first inclusion strict by the choice of y) so |(z,y)| divides p? and
is greater than |(z)| = p. Thus |{z,y)| = p? and G = (z, ).

The group (z) x (y) has isomorphism class C}, x C,, because both x and y have order p.
It is therefore enought to verify that the function

fol@) x(y) = (z,y) =G
given by f((2%4")) := 2%?® is an isomorphism (for 0 < a,b < p — 1). Since we already
know that G is abelian, we get

F(a®y) (¢, y?)) = (@07 ) = ateyPHd
= 2%z )y = a"y’xy? = f((a",9°) f((a%, y?)),
so f is a homomorphism.
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Now f is surjective, by Proposition 2.19 combined with the fact that G is abelian. But
a surjective function between two sets of cardinality p? must necessarily be bijective, so f
is an isomorphism, as required. ]

4.2.5. Conjugacy classes in Sy,.

Lemma 4.67. Let o0 and 7 be lements of S, and let

(al,ad, ... ,a,{zl)(a%,ag, e azQ) .. (al,ay, ... ay )
be the cycle decomposition of . Then ToT~" has cycle decomposition
(r(a1), 7(az), .-, m(ag))(r(a?), 7(a3), ..., 7(a},)) - .. ((a}), 7(ad), ..., 7(aj, ).

Proof. Given 1 < i,j < n we have o(i) = j if and only if

-1 . . .
(ror™)(7(i)) = 7(0(i)) = 7(j)-

Thus the ordered pair ¢, 7 appears in the cycle dcomposition of ¢ if and only if the ordered

pair 7(i), 7(j) appears in the cycle decomposition of 7o7~!. This completes the proof. [J

Example 4.68. If in Sy we have o0 = (1,2)(3,4,5)(6,7,8,9) and 7 = (1,3,5,7)(2,4,6,8)
then
Tor = (3,4)(5,6,7)(8,1,2,9).

Definition 4.69.

(i) If 0 € S,, is the product of disjoint cycles of lengths ki, ko, ..., k, with b} < ko < ... < k,,
including the 1-cycles, then the sequence ki, ks, ..., k, is called the ‘cycle type’ of o.

(ii) Given a natural number n, a ‘partition of n’ is any non-decreasing sequence of natural
numbers whose sum is equal to n.

Remark 4.70. By definition the cycle type of an element of .5, is a partition of n.

Examples 4.71.

(i) The cycle type of an m-cycle in S, is 1,1,...,1,m, where 1 occurs n — m times in the
sequence.

(ii) The cycle type of 7 = (1,3,5,7)(2,4,6,8) € Sy is 1,4, 4.

Proposition 4.72. Two elements of S, are conjugate if and only if they have the same
cycle type. The number of conjugacy classes in Sy, equals the number of partitions of n.

Proof. From Lemma 4.67 it is clear that conjugate premutations have the same cycle type.

Conversely, if

o= (a&,a%, e ,a,lﬂl)(a%,ag, e ,a%Q) ... (a1,a3,...,a;,)

and
171 1\/12 12 2
O-/ — (b17b277bk‘1)(b17b2”bk2)( q, g,...,bzr)
both have cycle type ki, ko, ..., k, then the map T(ag) = bz defines a permutation 7 in S,
and Lemma 4.67 implies that ¢/ = o771,
The second claim follows immediately from the first, as certainly any partiton of n may
be achieved as the cycle type of a permutation of S,,. O
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Examples 4.73.
(i) If in Sy we have

and
o' =(1,8)(2,6,9,5)(4,7) = (3)(1,8)(4,7)(2,6,9,5)
then o' = ryor; ! for 7 = (1,3)(4,6,5,8)(7,9).
Please note that we may also write ¢’ in alternative ways, for instance
OJ = (3) (47 7)(87 1)(57 27 67 9) = (3)(87 1)(47 7)(57 27 67 9)

Thus we also have o/ = mo7, ' and o' = 13073 for 7 = (1,3,4,2,5,7,6,9) and 73 =
(1,3,8,4,2,5)(6,9,7).
(ii) For n = 5, the partitions of 5 are

{LLL 11}, {1,112}, {1,1,3}, {1,4}, {5}, {1,2,2}, {2,3}.
A set of representatives of all the conjugacy classes of S5 is therefore given by
1, (1,2), (1,2,3), (1,2,3,4), (1,2,3,4,5), (1,2)(3,4), (1,2)(3,4,5).

Exercise 4.74. Fix an m-cycle ¢ in S,, with m < n. Write H, for the subgroup of S,
which fixes all of the m integers that occur in the cycle o.

(i) Determine the number of conjugates of o.
(ii) Determine the order of Cg, (o).
(iii) Prove that Cg, (0) ={o'7:0<i<m—1,7 € H,}.

We will now apply some of the above results to prove that As is a simple group. This
will be our main example of a non-abelian simple group. Before proceeding we need a final
general result that will be used in the proof.

Lemma 4.75. Let G be a group. If H is a normal subgroup of G and K is a conjugacy
class of G then either K C H or KN H = (). In particular, every normal subgroup of G is
a union of conjugacy classes.

Proof. If = belongs to K N H then every conjugate gzg~! of = belongs to gHg ™!, for every
g € G. Since H is normal, every conjugate of x belongs to G, meaning that the conjugacy
class IC of x is contained in H. 0

Theorem 4.76. As is a simple group.

Proof. We recall that |A5| = 60. We claim that As has five conjugacy classes, of cardinalities
1,15,20,12 and 12. We note that two elements of A5 that have different cycle type are not
conjugate in S5, and therefore cannot be conjugate in Aj either.

There are twenty 3-cycles in S5, and all of them obviously belong to As. We claim that
they are all conjugate in As. By Exercise 4.74(iii) we have

Cs.((1,2,3)) = {(1,2,3)'7 :i € {0,1,2},7 € {1,(4,5)}}
={1,(1,2,3),(1,3,2),(4,5),(1,2,3)(4,5),(1,3,2)(4,5)}
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and therefore

Ca;((1,2,3)) ={1,(1,2,3),(1,3,2)}.
By Proposition 4.61, the conjugacy class of (1,2,3) in A5 has cardinality 60/3 = 20, so all
twenty 3-cycles are conjugate in As.

There are twenty-four 5-cycles in S;, and all of them obviously belong to As. We
claim that they comprise two different conjugacy classes in As, both of them of cardi-
nality 12. By Exercise 4.74(iii) we have Cg,((1,2,3,4,5)) = ((1,2,3,4,5)) and therefore
Ca,((1,2,3,4,5)) = ((1,2,3,4,5)) has order 5. By Proposition 4.61, the conjugacy class of
(1,2,3,4,5) in As has cardinality 60/5 = 12.

There is therefore some 5-cycle o that is not conjugate to (1,2,3,4,5) in As (in fact, the
method of proof of Proposition 4.72 shows that any element of S5 conjugating (1,2,3,4,5)
into (1,3,5,2,4) must be an odd permutation, and therefore that these two 5-cycles cannot
be conjugate in As, so one may take o = (1,3,5,2,4)). By exactly the same argument as
above we get Cg,(0) = (o) and C4,(0) = (o) and so the conjugacy class of o in As has
cardinality 60/5 = 12. We conclude that the twenty-four 5-cycles comprise two different
conjugacy classes in As, both of them of cardinality 12, as claimed.

There are fifteen remaining non-trivial elements of A5. We easily find that these must be

(1,2)(3,4), (1,2)(3,5), (1,2)(4,5), (1,3)(2,4), (1,3)(2,5), (1,3)(4,5),
(1,4)(2,3),(1,4)(2,5), (1,4)(3,5), (1,5)(2,3), (1,5)(2,4), (1,5)(3,4),
(26) (2,3)(4,5),(2,4)(3,5), (2,5)(3,4),
so they all have cycle type 2,2. We claim that they are all conjugate in As.

By Exercise 4.77 below we know that C4,((1,2)(3,4)) has order 4 so indeed, by Proposi-
tion 4.61, the conjugacy class of (1,2)(3,4) in A has cardinality 60/4 = 15, so all remaining
non-trivial elements are conjugate in As.

Having computed the cardinalities of all conjugacy classes in As, let H be a normal

subgroup of G. Then on the one hand the order of H is a divisor of 60 by Lagrange’s
Theorem, so it must be one of

1,2,3,4,5,6,10,12, 15, 20, 30, 60.

On the other hand by Lemma 4.75 we know that H must be a union of conjugacy classes,
including the conjugacy class {1}, so the possibilities for its order are

1,13,16,21, 25,28, 33, 36, 40, 45, 48, 60.

The only numbers occurring in both lists are 1 and 60 so either H = {1} or H = As. This
proves that As is simple. O

Exercise 4.77. Verify that no 5-cycle can belong to C4,((1,2)(3,4)), that no 3-cycle can
belong to C'4,((1,2)(3,4)), and finally use the list (26) to verify that

Ca;((1,2)(3,4)) = {1,(1,2)(3,4), (1,3)(2,4), (1,4)(2,3) }.
Remark 4.78. In fact A, si simple for all n > 5. See [2, §4.6] for a proof of this fact.

4.3. Sylow’s Theorem.
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4.3.1. The result. In this section we prove a partial converse to Lagrange’s Theorem 2.61
that is a very important result of group theory in its own right.

Definition 4.79. Let p be a prime number

(i) A group of order p®, for a natural number «, is called a ‘p-group’. A ‘p-subgroup’
of a group is a subgroup of said group that is also a p-group.
(ii) If G is a finite group of order p®m for a > 0,m > 1 and with p { m, then any
subgroup of G of order p® is called a ‘Sylow p-subgroup’ of G.
(iii) Let G be a finite group. The set of Sylow p-subgroups of G will be denoted by
Syl,(G) and the number of Sylow p-subgroups of G' will be denoted by n,(G), or
just by n, when G is clear from context.

Clearly any conjugate of a Sylow p-subgroup of G is also a Sylow p-subgroup (see Exercise
3.18).
We may now state Sylow’s Theorem.

Theorem 4.80. Let G be a finite group. Then:
(i) G has Sylow p-subgroups.
(ii) If P is a Sylow p-subgroup of G and Q is any p-subgroup of G then

QCgPg!
for some g € G. In particular, any two Sylow p-subgroups of G are conjugate in G.
(iii) We have
ny(G) =1 (mod p)
and also
(27) ny(G) =[G : Ng(P)]
for any Sylow p-subgroup P of G.

Remark 4.81. Let G be a group of order p*m with p{ m. Let P be a Sylow p-subgroup
of G. Since P < Ng(P), the equality (27) implies that n,(G) divides m.

Before proving Sylow’s Theorem we require the following auxiliary lemma.

Lemma 4.82. Let P be a Sylow p-subgroup of G and let Q be any p-subgroup of p. Then
QNNg(P)=QnNP.

Proof. We set H := QN Ng(P). Since P C Ng(P) it is clear that QNP C H, and we must
prove the reverse inclusion. It is clearly enough to prove that H C P.

To prove that H C P we will simply prove that PH is a p-subgroup of G. If we can do
this, we would have P C PH with P a p-subgroup of GG of the largest possible order, and
thus we would have P = PH. But if P = PH then H C P, as required.

Since H is contained in Ng(P), we know from Corollary 3.53 that PH is a subgroup of
G. By Proposition 3.49 we also have

|PIIH]|

PH| = .
[PH] |PNH|
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Recalling that H is a subgroup of the p-group @), we see that all the factors in the right-hand
side of the above expression are powers of p. We conclude that PH is indeed a p-subgroup
of GG, as required to complete the proof. O

We finally provide the proof of Sylow’s Theorem 4.80.

Proof. Write |G| = p®m with « > 0,m > 1 and p{ m.

We first prove claim (i) of Theorem 4.80 by induction on |G|. If |G| = 1 then there is
nothing to prove. We now assume any group of order less than p®m has Sylow p-subgroups.

We first assume that p divides |Z(G)|. By Cauchy’s Theorem 3.64 for abelian groups, the
abelian group Z(G) has a subgroup N that has order p. Since N is contained in Z(G) it is
also normal in G. Then G := G//N has order p*~'m < p®m. By the inductive hypothesis,
G has a subgroup L of order p®1.

By the Fourth Isomorphism Theorem 3.60, there is a subgroup P of G that contains N
and has the property that P/N = L. But then |P| = |P/N|- |N|=p®~1.p=p® Thus P
is a Sylow p-subgroup of G.

We now assume that p does not divide |Z(G)|. If & = 0 then the result is trivial, so we
assume a > 1. Let ¢1,..., g, be a set of representatives of the distinct conjugacy classes of
G\ Z(@G). By the Class Equation (25), if p divides each [G : C(g;)] for each i then p would
divide |Z(G)|. Hence for some j we have that p does not divide [G : Cg(g;j)]. We fix such
aj.

Since p does not divide [G : Cg(g;)] and

p*m = |Ca(g;)|[G : Calg))]

we must have |Cg(g;j)| = p®k for some k (with p { k). Since g; ¢ Z(G) we know that C(g;)
must be a proper subgroup of G, so also |Cg(g;)| < |G|. By the inductive hypothesis C(g;)
has a subgroup P of order p®, which is of course also a subgroup of G. This completes the
proof of claim (i).

In order to prove claims (ii) and (iii) we first use claim (i) to fix a Sylow p-subgroup P
of G. We write

S(P):={gPg':gc G}

for the set of conjugates of P. By Exercise 3.18, each element P’ of S(P) is a Sylow p-
subgroup of G. By definition G acts on S(P) by conjugation. Of course, any subgroup of
G also acts on S(P) by conjugation.

Let @ be any subgroup of G. By Proposition 4.45 the orbits (’)g,, as P’ ranges through
S(P), of the action of Q on S(P) form a partition of S(P). We may thus fix such orbits
Ogl, ... ,OgSQ with the property that S(P) is the disjoint union

S(P)=0RU...U0E .

so that
i:SQ

(28) S(P) =" |03].
i=1

We always choose and order such orbits so that P; = P.
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We claim that for any p-subgroup @ of G, any choice P, ..., Ps, as above and any
1 <14 < 5@ one has

(29) 021=1[Q: (P NQ).

Indeed, by Proposition 4.45 we have |O§i| = [@ : @Qp,] where Qp, is the stabiliser of P;
in @, which is equal to Ng(P;). Clearly Ng(FP;) = Q N Ng(F;) and, by Lemma 4.82,
Q N Ng(P;) = QN P;. These facts together combine to prove (29).

We next claim that

(30) IS(P)| =1 (mod p).
We prove this fact by applying (28) and (29) to the p-subgroup @ = P of G. For P, = P
we get |O5| = 1. For all 2 < i < sp we have P, # P so P; N P is stricly contained in P.
From (29) we get that

O = [P: (P;N P)]
is greater than 1. It is also a power of p, since P is a p-group. Therefore p divides ]Of,i | for
every 2 < i < sp and (28) implies that

i=Sp

IS(P)] =1+ 20:1 (mod p),
=2

as required to prove (30).

We finally proceed to prove claims (ii) and (iii) of Theorem 4.80. Let @) be any p-subgroup
of G. We prove that () must be contained in some conjugate of P by applying (28) and
(29) to the p-subgroup Q. We argue by contradiction.

Suppose that @) is not contained in any conjugate of P. Then P; N Q would be strictly
contained in @ for every 1 <i < sg. From (29) we would get that

0%1=[Q: (PRNQ)]

is greater than 1. It is also a power of p, since @ is a p-group. Therefore p would divide \Ogi]
for every 1 <i < sg, and (28) would then imply that |S(P)] is divisible by p, contradicting
(30). We have proved that @ must be contained in some conjugate of P.

The final statement in claim (ii) now follows immediately, since any conjugate of P also
has order p® by Exercise 3.18.

To prove claim (iii) we first note that claim (ii) implies that Syl ,(G) = S(P). In particular

np(G) = |S(P)| =1 (mod p)

by (30), as required.
We finally note that

np(G) = |S(P)| = |0F] = [G : Gp] = [G : Na(P)],

where the third equality is by Proposition 4.45, with Gp the stabiliser of P under the
conjugation action of G, which is just Ng(P). O

Remark 4.83. Note that Theorem 4.80 combines with Exercise 3.18 to imply that, for a
given prime p and finite group G, any two Sylow p-subgroups of G are isomorphic.
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Corollary 4.84. Let G be a finite group and let p be a prime. Let P be a sylow p-subgroup
of G. Then the following conditions are equivalent.
(i) P is the unique Sylow p-subgroup of G (so ny,(G) =1).
(ii) P is normal in G.
(iii) For any set S of elements of G of p-power order, the subgroup (S) of G is a p-
subgroup.

Proof. Condition (i) is equivalent to condition (ii) because a subgroup P is normal in G if
and only if it is equal to all of its conjugates (so the required equivalency then follows from
Sylow’s Theorem 4.80).

We now show that conditions (i) and (ii) imply condition (iii). Assume that P is the
unique Sylow p-subgroup of G' (and is normal) and fix a set S as in condition (iii). For
each = € S the cyclic subgroup (z) of G is a p-subgroup and thus Sylow’s Theorem 4.80
(ii) (with Q = (x)) implies that there is g € G for which z belongs to gPg~!. But we know
that gPg~! = P. This argument proves that S C P which implies that (S) C P, which
implies that (S) is a p-subgroup of G.

Conversely, assume that condition (iii) holds. We will prove that condition (i) must also
hold. Let S be the union of all Sylow p-subgroups of G. If there were any other Sylow
p-subgroup of G other than P, then S would not be contained in P: indeed, all Sylow
p-subgroups have the same order so they cannot be included in each other, and there would
be some element of S not in P. It is thus enough to show that S C P.

But P is a subgroup of (S), where (S) is a p-subgroup of G by condition (iii), and P has
maximal order. We therefore get P = (S) or equivalently, S C P, as required. O

Examples 4.85. (i) If p does not divide the order of G, then the (unique) Sylow p-subgroup
of G is the trivial subgroup and Sylow’s Theorem becomes trivial for G and p.

(ii) If G is a p-group then the (unique) Sylow p-subgroup of G is G and Sylow’s Theorem
is also trivial for G and p.

(iii) The group S3 has three Sylow 2-subgroups:

{1,(1,2)}, {1,(1,3)}, {1,(2,3)}.

Note that 3 = 1 (mod 2). However the group S5 has a unique Sylow 3-subgroup Az =
{1,(1,2,3),(1,3,2)}, which of course is normal in Ss.
(iv) The group A4 has a unique Sylow 2-subgroup

{1,(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)}.
It has, however, four Sylow 4-subgroups
{1,(1,2,3),(1,3,2)}, {1,(1,2,4),(1,4,2)}, {1,(1,3,4),(1,4,3)}, {1,(2,3,4),(2,4,3)}.

Note that 4 = 1 (mod 3).
(v) The group Sy has na(Ss) = 3 and nz(Ss) = 4.

Exercise 4.86. Find all Sylow 2-subgroups and all Sylow 3-subgroups of Sjy.

Exercise 4.87. Let A be a finite abelian group. For each prime p set
Ay :={ac A:ola) =p* k> 0}.
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Prove that A, is a subgroup of A and moreover, prove that A, is the unique Sylow p-
subgroup of A.

4.3.2. Some applications of Sylow’s Theorem. We already discussed Cauchy’s Theorem in
Remarks 2.70(ii) and we then proved it for abelian groups in Theorem 3.64. Sylow’s Theo-
rem now puts us in a position to prove the general case:

Theorem 4.88. Let G be a finite group and let p be a prime number dividing |G|. Then G
has an element of order p.

Exercise 4.89. Use Sylow’s Theorem 4.80 and Cauchy’s Theorem for abelian groups 3.64
to prove Cauchy’s Theorem 4.88.

Remark 4.90. Note that we never used the general version of Cauchy’s Theorem when
proving Sylow’s Theorem, but only the version for abelian groups, so our line of reasoning
is not circular.

Example 4.91. Let G be a group of order pq, for distinct prime numbers p and g. Without
loss of generality we assume that p < ¢. We fix P in Syl,(G) and @ in Syl (G). We will
prove the following claims:

(i) @ is normal in G.
(ii) If pf g — 1 then P is normal in G.
(iii) If P is normal in G then G is cyclic.

Claim (i) holds because n, = 1+ kq for some k > 0 by Theorem 4.80(iii) while also n,
divides p by Remark 4.81. Since p < ¢ we must have n, = 1, so @ is normal in G by
Corollary 4.84.

Similarly n, divides ¢ by Remark 4.81, so we always have n, € {1, ¢}, with P normal in
G if and only if n, = 1 (see Corollary 4.84). Since n, = 1+ pl for some [ > 0, in the setting
of claim (ii) we cannot have n, = ¢. This proves claim (ii).

We now prove claim (iii). Assume that P is normal in G, so Ng(P) = G. Both P and Q
are cyclic groups (as they have prime order). Let P = (z) and Q = (y).

We write Aut(P) for the set of automorphisms of P, meaning isomorphisms with P
as both the domain and the codomain. Then Aut(P) is a group under composition (see
Exercise 1.107).

We have a well-defined injective homomorphism

f:G/Ca(P) = Ng(P)/Cg(P) — Aut(P)

given by

(f(9Ca(P))) (m) := gmg™"

for g € G = Ng(P) and m € P. See [2, §4.4, p. 133,134] for a more general statement. Now
by [2, Prop. 16, §4.4, p. 135], Aut(P) is a group of order p — 1. Since neither p nor ¢ can
divide p — 1, we must have G = Cg(P).

Therefore y belongs to Cg(P) and hence x commutes with y. This implies that the
element xy has order pg. The subgroup (xy) of G then has order pq = |G| so it is equal to
G, meaning that G is cyclic, as required.
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Exercise 4.92.

(i) Find a Sylow 7-subgroup @ of S7.

(ii) Find a subgroup P of Ng,(Q) of order 3.

(iii) Prove that PQ is a non-abelian group of order 21.

Remark 4.93. Let G be a group of order 30. If G has a subgroup of order 15 then it is
necessarily both normal (by Lemma 3.31) and cyclic, by Example 4.91.

In fact, one can apply Sylow’s Theorem to also prove that G does necessarily have a
subgroup of order 15. See [2, p. 143,144] for this argument.

Example 4.94. Let G be a group of order 12. We will show that either G has a normal
Sylow 3-subgroup or G = Ay4.

Suppose n3 # 1 and fix a Sylow 3-subgroup P of G. Since n3 | 4 and ng =1 (mod )3,
we must have ng = 4. Since distinct Sylow 3-subgroups intersect in the identity and each
contains two elements of order 3, G must contain 8 elements of order 3. Since [G : Ng(P)] =
n3 = 4 we must have Ng(P) = P.

Now G acts by conjugation on its set of Sylow 3-subgroups, so this action affords a
permutation representation

p:G— Sy
The kernel K of this action is the subgroup of G which normalises all Sylow 3-subgroups
of G. In particular K C Ng(P) = P. Since P is not normal in G by assumption we must
have K =1, so
G = im(p) C Y4.

Since G contains 8 elements of order 3 and there are precisely 8 elements of order 3 in
Sy, all of them contained in Ay, the order of im(p) N Ay is at least 8. Since both im(p) and
Ay have order 12 it follows that im(p) = A4, and thus G = Ay.

Example 4.95. Let G be a group of order p?q, for distinct primes p and q. We show that
G has either a normal Sylow p-subgroup or a normal Sylow g-subgroup. Fix p in Syl,(G)
and @ in Syl (G).

Assume first that p > ¢. Since n, | ¢ and n, =1 (mod p) we must have n, =1, so P is
normal in G.

Assume now that p < ¢. If n; = 1 then @ is normal in G. Otherwise n, = 1 + tq for
some t € N. Now n, divides p? but ng > q > p, S0 necessarily ng = p?. Thus

tg=p*—1=(p-1p+1).
Since ¢ is prime it divides either p — 1 or p + 1. Since ¢ > p the former is impossible and
the latter forces ¢ = p + 1, which can only happen for p = 2 and ¢ = 3 and |G| = 12.
Since A4 has a normal Sylow 2-subgroup, the required conclusion now follows from Ex-
ample 4.94.

We saw in Theorem 4.76 that As is a simple group. We may now show that:
Proposition 4.96. If G is a simple group of order 60 then it is isomorphic to As.

Proof. The number ns must divide 15, so ny € {3,5,15}. Fix a Sylow 2-subgroup of G and
sey N := Ng(P), so tht [G : N] = ny. Note for later use that ns must be equal to 6.
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We first claim that G has no proper subgroup of index less than 5. If H had index 2,3
or 4, then by Exercise 4.55, G would have a normal subgroup K contained in H for which
G/K is isomorphic to a subgroup of S2,S3 or Sy. Since K # G, simplicity would force
K = {1}. This is impossible since 60 does not divide 4!.

The above claim implies in particular that ng = [G : N] # 3. We now assume that
ny = [G : N] = 5. In this case, again by Exercise 4.55, the action of G by left multiplication
on the set of left cosets of N in G gives a permutation representation of p : G — S5. Since
the kernel of this action is a proper normal subgroup of G and G is simple, the representation
must be injective so G = im(p) < Ss.

We aim to show that im(p) must be As, thus giving an isomorphism G = As. If im(p)
were not contained in As, then S5 = im(p)As and, by the Second Isomorphism Theorem
3.56, im(p)NAs is of index 2 in im(p). Since G, and therefore im(p), has no normal subgroup
of index 2, this is a contradiction.

Therefore we must have had im(p) C As and, by cardinality, also im(p) = As, showing
that G & Aj if no = 5.

We must finally show that one cannot have ny = 15. We argue by contradiction. Assume
ng = 15. If for every pair of Sylow 2-subgroups P and @ one had P N @Q = {1} then the
number of non-identity elements in Sylow 2-subgroups of G would be (4—1)-15 = 45. Since
we know ns = 6, the number of elements of order 5 in G must be (5—1)-6 = 24, accounting
for 45 + 24 = 69 elements of GG, a clear contradiction.

Thus there must be distinct Sylow 2-subgroups P and @ with [P N Q| = 2. Set M :=
Ng(PN@). Since P and @ are abelian (being groups of order 4), P and @ are subgroups of
M and since G is simple, M # G. Thus 4 divides |M | and |M| > 4 (otherwise P = M = Q).
The only possibility is |M| = 12, so M has index 5 in G (recall that M cannot have index
1 or 3 in GG). But now the argument of the preceding paragraph applied to M in place of
N gives G = As. This leads to a contradiction in this case because na(As) = 5. O

Remark 4.97. One may also show that any group of order 60 that has more than one
Sylow 5-subgroup is necessarily simple, hence isomorphic to As.

Remark 4.98. You may now try to prove that if G is a non-abelian group simple group
with |G| < 100 then G = Ajs, by eliminating all orders other than 60 as possibilities.

4.4. (More) Exercises. Don’t forget to think about the exercises given throughout the
rest of section 4.

Exercise 4.99. Recall from Exercise 1.107 that any group G has associated a group of
automorphisms Aut(G). Prove that Aut(Z/nZ) is isomorphic to (Z/nZ)* (or see [2, Prop.
4.16, p. 135] for a proof, or use the strategy of Exercise 2.101).

Exercise 4.100. Write each of the permutations considered in Exercises 1.86 and 1.87 as
a product of transpositions, and determine their signs.

Exercise 4.101. Prove that the square of every permutation is even.
Exercise 4.102. Prove that S, = (U) for U :={(i,i +1):1<i<n-—1}.
Exercise 4.103. Prove that S, = ((1,2),(1,2,3,...,n)).
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Exercise 4.104. Let p be a prime. Let o0 € S, be a transposition and let 7 € S, be a
p-cycle. Prove that S, = (o, 7).

Exercise 4.105. Show that ((1,3), (1,2,3,4)) is a proper subgroup of Sy.

Exercise 4.106.

(i) Find all subgroups of A4 that have order 2.

(ii) Find all subgroups of A4 that have order 4. Determine which of them are normal in Ay
and what their isomorphism class is.

(iii) Prove that Ay is solvable.

Exercise 4.107. Find all elements of order 4 in S4. Prove that S4 contains no subgroup
that is isomorphic to Qs.

Exercise 4.108. Prove that the function f : S, — A, given by f(o) = o if o is even,
and by f(o0) =oco(n+1,n+2)if o is odd, is an injective homomorphism. Find generators
of im(f).

Exercise 4.109. Prove that every element of order 2 in A,, is the square of an element of
order 4 of S,,.

Exercise 4.110. Let ¢ € A4 have order 2 and let 7 € A4 have order 3. Prove that
(o,7) = Ay.

Exercise 4.111. Let ¢ and 7 be 3-cycles in Sy with ¢ # 7 and o # 7~!. Prove that
<07 7—> = Ay.

Exercise 4.112.

(i) Find 3-cycles o and 7 in S5 with ¢ # 7, 0 # 77! and (0, 7) = Ay4.

(ii) Find 3-cycles o and 7 in S5 with 0 # 7, 0 # 77! and (0, 7) = As.

Exercise 4.113. Let G act on A. Prove that if a,b € A with a = ¢gb for some g € G

then G, = gG,g9~'. Deduce that if G acts transitively on A then the kernel of the action is
Nyec gGag~ ', for any given a € A.

Exercise 4.114. Let A be a non-empty set and let G be a subgroup of S4, acting on A via
evaluation. Fix 0 € G and a € A. Prove that 0G0~ ! = G5 (q)- Deduce that if the action
of G on A is transitive then

ﬂ oG.o™t = {1}.

ceG

Exercise 4.115. Let A be a set and let GG be an abelian subgroup of S4 that acts transitively
on A via evaluation. Show that o(a) # a for every 0 € G\ {1} and every a € A. Deduce
that the order of G must be equal to the cardinality of A.

Exercise 4.116. Let S act on {1,2,3} x {1,2,3} via
o((i,4)) := (a(i),0(j))-

Find all the orbits and all the stabilisers associated to this action.
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Exercise 4.117. Fix a different bijection between G = Z /27 x Z/2Z and {1,2,3,4} than
the one used on Example 4.51. Show that, although the homomorphism G — S4 that you
obtain from the (left) regular representation is different from the one described there, its
image in Sy is the same subgroup.

Exercise 4.118. Use the (left) regular representation of Qg to find two elements of z and
y of Sg with the property that the subgroup (z,y) of Sg is isomorphic to Qs.

Exercise 4.119. (i) Show that if Qg acts on a set A of cardinality less than or equal to 7
then the stabiliser of each element of A is non-trivial.

(ii) Show that if Qg acts on a set A of cardinality less than or equal to 7 then the kernel of
the action must contain the subgroup (—1) of Qs.

(iii) Show that Qg cannot be isomorphic to a subgroup of S, for any n < 7.

Exercise 4.120. Let G be a finite group and let p : G — S|g be the (left) regular
representation of G. Fix an element x of G and set n := o(z) and m := |G|/n. Prove that

p(x) is a product of m n-cycles. Deduce that p(x) is an odd permutation if and only if o(x)
is even and |G|/o(z) is odd.

Exercise 4.121. Let G be a finite group and let p : G — S|G| be the (left) regular
representation of G. Use Exercise 3.115 to prove that if im(p) contains an odd permutation
then G has a subgroup of index 2.

Exercise 4.122. Use Cauchy’s Theorem (for general finite groups) and the previous two
exercises to show that if G is a finite group for which 2 divides |G| but 4 does not divide
|G|, then G has a subgroup of index 2.

Exercise 4.123. Let G be a finite group. Assume that |G| is not prime and that, for every
natural number k dividing |G|, G has a subgroup of order k. Prove that G is not simple.

Exercise 4.124. Find all conjugacy classes, and their cardinalities, in each of the groups
Dg, D107 Qg, A4, Z/QZ X 53, Sg X Sg, Z/3Z X A4.

Exercise 4.125. Show that for any element g and subset S of a group G one has gNg(S)g ! =

Ne(gSg™t) and gCq(S)g™ = Ca(9Sg™1).

Exercise 4.126. Prove that every conjugacy class in a group G has cardinality less than
or equal to [G : Z(G)].

Exercise 4.127. Let GG be a non-abelian group of order 15. Use Exercise 3.102 to prove
that Z(G) = 1. Prove also that the Class Equation of G must be 15 =1+3+ 3+ 3+ 5.

Exercise 4.128. For n = 3,4, 6,7, make lists of all the partitions of n and give represen-
tatives of the corresponding conjugacy classes of .5,,.

Exercise 4.129. Prove that Z(S,,) =1 for all n > 3.

Exercise 4.130. Set 0 := (1,2,3,4,5) € S5. In each of the following, find an element 7 of

S5 which stisfies the given equality.

(i) Tor™! = o2,
(i) Tor ' =0 L
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(iii) 7o' =072
Exercise 4.131. In each of the following, determine whether o and ¢’ are conjugate or
not. If they are, find an element 7 for which ¢/ = ro771.
(i) o = (1,2)(3, 4 5) and ¢’ = (1,2,3)(4, 5) in Ss.
(ii) o = (1,5)(2,3,7)(6,8,11,10) and ¢’ = ( 13,11)(3,7,5,10)(4,9) in Si3.
(i) o = (1,5)(2, 3 7)(6,8,11,10) and ¢’ = o2 in S3.
(iv) o =(1,3)(2,4,6) and o’ = (2,4)(3,5,6) in Se.

Exercise 4.132. Find a representative of each conjugacy class of elements of order 4 in Sg,
and also in Sjs.

Exercise 4.133. Find all finite groups which have exactly two conjugacy classes.

Exercise 4.134. Let p be a prime and let G be a group of order p™ for some natural number
n. Prove (by induction on n) that G has a subgroup of order p™ for every 0 < m < n.

Exercise 4.135. Let GG be a group of odd order. Let g # 1 be an element of G. Prove that

g and g~! are not conjugate in G.
Exercise 4.136. Let o be an element of S,,. Let my, ma,...,ms be the distinct integers
which occur in the cycle type of 0. For each i = 1,...,s, assume that ¢ has ¢; cycles of

length m;. Prove that the number of conjugates of o is
n!
(q1!m{")(g2!m3?) . .. (gs!mi*)”
Exercise 4.137. Let p be a prime. Let P be a subgroup of S, that has order p. Show
that every subgroup of S, conjugate to P contains exactly p — 1 p-cycles. Deduce that

|Ns,(P)] = p(p —1).

Exercise 4.138. Let p be a prime. Find a formula for the number of conjugacy classes of
elements of order p in S,,.

In the remaining exercises we let G denote a finite group and we let p denote a prime
number.

Exercise 4.139. Fix P € Syl,(G) and let H be a subgroup of GG containing P. Show that
P belongs to Syl,(H). Give an example of group G, subgroup H and element @ of Syl,(H)
that is not in Syl,(G).

Exercise 4.140. For H < G and Q € Syl,(H), show that gQg~! belongs to Sylp(gHg_l)
for any g € G.

Exercise 4.141. Find all Sylow 2-subgroups and all Sylow 3-subgroups of Dis and of
Sg X Sg.

Exercise 4.142. Show that if p is odd then every Sylow p-subgroup of Da,, is both normal
in Dy, and cyclic.

Exercise 4.143. Find the Sylow 3-subgroups of A4 and of Sy.
Exercise 4.144. Prove that if n is odd then ny(Ds,) = n.
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Exercise 4.145. Prove that a group of order 56 must have a normal Sylow p-subgroup for
some prime p | 56.

Exercise 4.146. Prove that a group of order 312 must have a normal Sylow p-subgroup
for some prime p | 312.

Exercise 4.147. Prove that a group of order 351 must have a normal Sylow p-subgroup
for some prime p | 351.

Exercise 4.148. Show that if |G| is the product of three distinct primes, then it has a
normal Sylow subgroup for one of the three primes.

Exercise 4.149. Prove that a group of order 200 must have a normal Sylow 5-subgroup.
Exercise 4.150. Prove that there is no simple group of order 6545.

Exercise 4.151. Prove that there is no simple group of order 1365.

Exercise 4.152. Prove that there is no simple group of order 2907.

Exercise 4.153. Prove that there is no simple group of order 132.

Exercise 4.154. Prove that there is no simple group of order 462.

Exercise 4.155. Let P be a normal Sylow p-subgroup of G and let H < G. Show that
P N H is a normal Sylow p-subgroup of H.

Exercise 4.156. Let P be a Sylow p-subgroup of G and let N be a normal subgroup of
G. Show that PN N is a Sylow p-subgroup of N and that PN/N is a Sylow p-subgroup of
G/N.

Exercise 4.157. Let P be a Sylow p-subgroup of G and let H < G. Prove that gPg~'NH
is a Sylow p-subgroup of H for some g € G. Give an explicit example in which hPh~' N H
is not a Sylow p-subgroup for any h € H.

Exercise 4.158. Prove that if N is a normal subgroup of G then n,(G/N) < n,(G).

Exercise 4.159. Let R be a normal p-subgroup of G (not necessarily of maximal order).

(i) Prove that R is contained in every Sylow p-subgroup of G.
(ii) If S is also a normal p-subgroup of G, prove that RS is also a normal p-subgroup
of G.
(iii) Set
0,(@) = (JQ)
Q

where @ runs over all normal p-subgroups of G. Prove that O,(G) is the unique
largest normal p-subgroup of G and also that

Op(G) = ﬂ P
P

where P runs over all Sylow p-subgroups of G. o
(iv) Set G := G/Op(G). Prove that O,(G) = {O,(G)}, that is, G has no non-trivial
normal p-subgroup.
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Exercise 4.160. Use the same method we used in the proof of Sylow’s Theorem to show
that, if n, is not congruent to 1 modulo p?, then there are distinct Sylow p-subgroups P
and @ of G for which [P: PNQ]=1[Q: PNQ] =p.

Exercise 4.161. Assume that p is odd. Find generators for a Sylow p-subgroup of Sa),.
Show that this is an abelian group of order p?.

Exercise 4.162. Assume that p is odd. Find generators for a Sylow p-subgroup of S,.
Show that this is a non-abelian group of order pP*1.
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5. CLASSIFICATION AND PRODUCTS

5.1. Products.

5.1.1. Direct products. In §1.1.5 we already defined the direct product of two groups and
discussed its basic properties.

Definition 5.1. For any finite collection of groups (g1, ..., G, we define their direct product
to be the group
i=n

HGZ':GlX...XGn,

defined through the binary operation

(91 9n) (1 9n) = (9191, - - - s GnG))-

Exercise 5.2. Prove that Hi’f G, is a group, and determine its identity element and the
inverse of each of its elements. Prove that it is abelian of and only if each group G; is

abelian. Prove that
=n =n
TGl =111Gl
i=1 i=1

and in particular that Hi? G, is finite if and only if each group G, is finite.

Exercise 5.3. Let Gy,...,G, be groups and let o be an element of S,,. Prove that the
function

fo HGZ — HGU(Z)
=1 =1
given by
fo'((glv s ’g’ﬂ)) = (ga(l)a s aga(n))

is an isomorphism.

Exercise 5.4. Let Gy, ..., G, be groups. Prove that

=n i=n i=n—1
Gix (JJe)=]]Gi=( Gi) X Gy,
=2 =1 =1

Come up with additional similar relations in the case n =

4.
Lemma 5.5. Let Gy1,...,G, be groups. Fiz j with 1 < j <n.
(i) The subgroup
(31) {(1,1,...,1,9;,1,...,1) 1 g; € G}

s normal in Hz? G, and is also canonically isomorphic to G;. By abuse of notation
we denote the subgroup (31) by G;.
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(ii) In the notation of claim (i) we have a canonical isomorphism

i=n
([[co/ei =116
i=1 i#j
(with i running over the integers from 1 to n that are different from j).
(iii) The surjective homomorphism

i=n
T HGl — Gj
=1

defined by
T (915, 9n)) = gy

ker(7;) = HGZ"
i#]
(iv) In the notation of claim (i), if x belongs to the subgroup G; of [[:Z} Gi andy belongs

has

to the subgroup Gy of Hi? G; for some k # j, then xy = yx.

Proof. 1t is very easy to see that the subset (31) is a subgroup of Hi’f G;. The map
gi — (1313---7179]'7]-7"'?1)

is also easily seen to give an isomorphism between G; and the subgroup (31).
To prove both claims (i) and (ii) it is enough, by the First Isomorphism Theorem 3.44,
to show that there is a surjective homomorphism

[ ﬁGz —>HG1
=1

i#j
with ker(u;) equal to the subgroup G; of H;z? G;.
To do this we set
N]((Qh s 7gn)) = (917 s Jgj—lvgj-i-h s 7971)
This map is a homomorphism since
15 (915 9n)(g15 -+ 9n) =5 (91915 - -+, Ingn))

=(91915 -+ 951951, 95119415 - - - » InGn)
:(917 v 95i-1,95+15 - - - 7gn)(gi, <o 799—1?93-‘,—17 v ag';z)
=i (915 9n)) (915 - -+ 90))-

It is clear that the function p; is surjective, and also that ker(su;) is the subgroup (31)
(which we have identified with G;), as required.

The proof of claim (iii) is given by an argument almost identical to the one given above,
and we leave it to the reader.

We finally prove claim (iv). Let

r=(1,...,1,g5,1,...,1) € G;
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and let
y=(1,...,1, 9 1,...,1) € Gi.
Then
zy=(1,...,1,9;,1,...,1,g,1,...,1) = yz,
provided that j < k, or
zy=(1,...,1, 95, 1,...,1,9;,1,...,1) = yx,
provided that k < j. In either case, we get that x and y commute, as required. O

Notation 5.6. Given groups G71,...,Gy, an index j with 1 < j < n and an element g; of
G, we often denote the element

(1,...,1,gj,1,...,1)
of Hi? G, simply by g;.
Remark 5.7. For each 1 < i < n fix an element g; of G;. Then, using the notation

introduced in 5.6, Lemma 5.5 (iv) implies that

(32) (G192 g) =gt -g5-...- gt

in [['=" G, for any k € Z.
In particular
o(g1-g2- ... gn) =lem(o(g1),0(g2), - - -, 0(gn)),
where this order is infinite if and only if one the elements g; as infinite order.

Example 5.8. Let p be a prime and n be a natural number. Then
Epn :=7Z/pL X Z|pZL X ...L]pZ

(with n factors in the right-hand side) is an abelian group of order p”, that moreover has
isomorphism class C}, x ... C),. This group is called the ‘elementary abelian group of order
P

We compute the number of subgroups of E,2. Since each non-trivial element of E,. has
order p, each of these generates a cyclic subgroup of order p. By Lagrange’s Theorem, the
intersection of distinct subgroups of order p must be trivial. Thus the p?> — 1 non-identity
elements of F2 are partitioned into subsets of size p — 1 (each of these subsets comprises
the non-identity elements of some subgroup of order p). Therefore there must be

P -1
p—1
subgroups of order p. There are hence p + 3 subgroups of E.

Definition 5.9. We extend Definition 3.47. Given a group G and subgroups Hi, ..., Hy of
G we define a subset

Hy.. .H, := {hlhkhZEHl}
of G.

Remark 5.10. It is easy to extend Corollary 3.53 and Corollary 3.54 by induction. In
particular, if each subgroup H; is normal in G then Hi ... H, is a normal subgroup of G.
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Exercise 5.11. Let H and K be subgroups of a group G and assume that H N K = {1}.
Show that every element of HK has a unique expression as a product hk with h € H and
ke K.

Theorem 5.12. Let G be a group and let Hy, ..., H, be normal subgroups of G with the
property that

(33) Hjm(Hl---ijlHjJrl---Hn):{1}
for each 1 < j <n. Then
(34) Hl...Hn%Hlx...an.

Proof. We observe that, for any k < n, the subset H; ... Hy is a normal subgroup of G and
hence a group, by Remark 5.10.
We prove the result by induction on n. For n = 1 it is trivial. We assume that the result
holds for collections of n — 1 subgroups. We set H := H1...H,_1 and K := H,,.
For any 1 < j <n —1 we have
H ... Hj—lHj+1 A Hn—l CH;... Hj—lHj+1 c. Hn—lHn
and therefore also

(Hj N (Hl e Hj_lHj+1 ce Hn—l)) - (Hj N (H1 e Hj_lHj_H - Hn—lHn)) = {1}
By the inductive hypothesis we get

(35) H%JHlX...XHn_l.
If we can prove that
(36) HK ~2H x K,

then we would get
Hy..H, 1H,=HK>HxXxK®X~(Hy xX...xHy_1)x Hy, 2 Hy X ...x Hy_1 X Hy,

with the isomorphisms by (36), (35) and Exercise 5.4 respectively.
We finally prove (36). We first note that both H and K are normal in G (by Remark
5.10) and also that the condition (33) with j = n states that

(37) HNK ={1}.
We first claim that for any h € H and k € K we have
(38) hk = kh.

Indeed, k~'hk belongs to H so h~!(k~'hk) belongs to H. Similarly, h~'k~'h belongs to K
so (h'k~'h)k belongs to K. From (37) we get
Rtk thk =1
or equivalently hk = kh, as claimed in (38).
By Exercise 5.11 combined with (37), every element of HK has a unique expression

as a product hk with h € H and k € K. This fact in turn means that the association
f(hk) := (h, k) gives a well-defined function

f:HK — H x K.
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To conclude the proof of (36) and therefore of the theorem, we are hence reduced to
showing that f is an isomorphism. It is a homomorphism because

FURR)WE)) = F(R(eR ) = F(RHRK) = F((RRY(RK)) = (hB k') = (hy k) (W, 1) = F ()RR,
where the second equality follows from (38). Since f is clearly both injective and surjective,

this concludes the proof. O

Notation 5.13. Under the hypotheses of Theorem 5.12 we feel free to write [['Z} H; for
either side of the isomorphism (34). The left-hand side of this isomorphism is sometimes
called the ‘internal direct product’ of Hi,..., H, while the right-hand side is called the
‘external direct product’ of Hy,..., H,. The notation introduced in 5.6 is consistent with
our identification of both direct products.

We immediately get the following special case of Theorem 5.12, which is sometimes
referred to as the ‘Recognition Theorem’.

Corollary 5.14. Let G be a group and let H and K be normal subgroups of G which satisfy
both
HnNK={1}
and
HK =G.
Then G is isomorphic to H x K.
Examples 5.15.
(i) In G = Z/30Z we set
Hy :={0,15}, Hy:={0,10,20}, Hs:={0,6,12,18,24}.
These are obviously normal subgroups of G which are cyclic, with isomorphism classes Cs,
(3 and (5 respectively. In addition we have

H, + Hy = {0,5,10,15, 20,25},

H, + H3 ={0,3,6,9,12,15,18,21,24, 27},

H, + Hs ={0,2,4,6,8,10, 12,14, 16, 18, 20, 22, 24, 26, 28},

Hi+ Hy+ H3 =G.
In particular
Hy N (Hy+ Hs) = Hy N (Hy + Hs) = H3(Ha + Hs) = {0}.
We get that
Z7)307 = 7)27 X 7|37 x 7.]5Z
or, in terms of isomorphism classes, that
030 = Cg X 03 X C5.

(ii) If n is an odd natural number then one can use Corollary 5.14 to show that Dy, =
Doy, X ZJ27. Let H := (sgp,72,) and K := {r} ) be subgroups of Dy, = (S4n,74,). Then
the map H — Ds,, = (S5, r2,) that sends sy, to sa, and rzn to ro, is easily seen to be an
isomorphism, while K = {1, 7} } is clearly isomorphic to Z/2Z.
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The subgroup H is normal in Dy, as it can be shown to have index 2, while K can be seen
to be normal by direct computation. Also r},, does not belong to H because n is assumed
to be odd, so H N K = {1}. The final condition to verify is that HK = Dy, and for this
it is enough to note that r4, = (r3,)™*1/217 belongs to HK.

5.1.2. Semidirect products. Semidirect products of two groups H and K will be a generali-
sation of the direct product H x K which will still allow us to describe larger groups in terms
of their subgroups H and K. The key difference is that both H and K are normal in H x K,
and in practice this condition is often too restrictive when trying to study certain groups
through specific subgroups which may not be normal. We may even describe non-abelian
groups as semidirect products of abelian subgroups H and K.

Example 5.16. Let G be a group, let H be a normal subgroup of G and let K be any
subgroup of G for which H N K = {1}. From Corollary 3.53 (and Proposition 3.51) we
know that HK is a subgroup of G. In addition the function

f:HK - Hx K

given by f(hk) := (h,k) for h € H and k € K is still a well-defined bijection of sets.
However, as we are not assuming that K is normal in G, f is not necessarily a group
homomorphism if we endow the cartesian product H x K with the usual direct product
binary operation.

In general we have

(39) (hk)(W'K') = (h(kR'k~ 1) (KK),

where kh'k~! belongs to H because H is normal in G.

So f would be a homomorphism of groups if the set H x K where considered as a group
with the binary operation (h, k) (h', k') = (h(kh'k=1))(kk'). Of course one would first have
to verify that x does indeed make the set H x K into a group. We will prove a more general
statement below.

For general groups G1 and G3, we would like to use the formula (39) to define a binary
operation on the cartesian product G; X Ga. In this way we would obtain a group in which
we can identify both G7 and G2 as subgroups, intersecting only in the identity element,
and with G; a normal subgroup (but with G2 not necessarily normal). The only obstacle
is how to define an element ggg’lggl of G1. After that, for g1,¢] € G1 and g2, g5 € G2 we
could just set (g1,92) * (91, 95) = (91(929195 ")) (9295)-

Note that in (39), the term kh'k~! € H is obtained through the action of k € K by
conjugation on b’ € H (which is indeed a well-defined action because H is normal in G). So
a natural attempt to define g2g gy 1€ @y is to interpret such an action in a more abstract
way.

We already encountered the group of automorphisms of a group earlier, see for instance
Exercise 1.107.

Definition 5.17. Let G be a group. An isomorphism from G to G is called an automor-
phism of G. The set of automorphisms of G is denoted Aut(G).

Exercise 5.18. Prove that Aut(G) is a group, with the binary operation given by compo-
sition of automorphisms (in particular Aut(G) is a subgroup of Sg).
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Exercise 5.19. Let G be a group and let H be a normal subgroup of G. Prove that the
permutation representation associated to the action of G' via conjugation on the set H gives
a well-defined group homomorphism

p:G— Aut(H)
that has ker(p) = Cq(H).
Theorem 5.20. Let H and K be groups and let
p: K — Aut(H)
be a group homomorphism. We define a binary operation x, on the set H x K by
(h, k) %p (W', K') := (h- (p(K)(R)), K - ).

Then the following claims are valid.

(i) The pair (H x K,*,) is a group of order |H||K]|.
(ii) The sets

H:={(h,1):he H} and K :={(1,k) : k € K}

are subgroups of (H x K, *,) and the maps h — (h,1) for h € H and k — (1,k) for
k € K define isomorphisms

H>H amd K=~ K.

(iii) The subgroup H is normal in (H x K, x,).

(iv) HNK = {1} and H %, K = (H x K, *p).

(v) Forx = (h,1) € H and y = (1,k) € K one has
Y*p T *p y_l = (p(k)(h),1).

Proof. We first show x, is associative. Let a,b,c € H and z,y,z € K. Then

((a,2) % (b;y)) %, (¢, 2) =(alp(x)(b)), zy) *, (¢, 2)
=(a(p(x)(b))(p(zy)(c)), 2y2)
=(alp(2) (1)) (p(z)(p(y)(c))), zy2)
=(alp(z)(b(p(y)(c)))), ryz)
=(a,z) %, (b(p(y)(c)), y2)
=(a,2) %, ((b,y) %p (¢, 2))-

The element (1, 1) is the identity because

(ho k) %5 (1,1) = (h(p(k)(1)), k1) = (h1, kL) = (b, k)
— (p(1)(R). k) = (Lp(1)()), 1K) = (1, 1) x, (B, k).

Given (h, k) € H x K the inverse element is
(h, k)~ = (p(k~ (A7), &Y.
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Indeed,

(hy k) %p (B, k)~ =(R, k) %, (p(k™ 1) (h™1), k71)
=(h(p(k)(p(k~") (R 1)), kk™1)
=(h(p(k)(p(k) " (R 1)), kk™1)
=(hh™1 k™Y
:(17 1)
=(p(k~1)(1),1)
=(p(k~")(h " h), k™ k=
=((p(k~") (W) (p(k~")(h)), k™ k)
=(p(k~") (W™ 1), k1) %, (B k)
=(h,k)"' x, (h, k).

The order of the group (H x K, *,) is just the cardinality of H x K which is just |H||K].
This completes the proof of claim (i).
We have

(40) (h, 1) %, (W', 1) = (h(p(1)(R')), 11) = (kI 1)
and
(h,1)~h = (p()(h™ 1), 1) = (b1, 1)

so H is a subgroup of G. Moreover the function fy : H — H given by fu(h) = (h,1) is a
homomorphism because (40) implies that

fa(hh') = (Wb, 1) = (h, 1) %, (B, 1) = fr(h) %, fu (D).

Since fg is clearly a bijection, it is an isomorphism H = H.
We have

(41) (1, k) %, (LK) = (L(p(k)(1)), kE") = (11, kk') = (1, kK')
and
(1,k) ™" = (p(k)(1), k1) = (LE™)

so K is a subgroup of G. Moreover the function fx : K — K given by fr (k) = (1,k) is a
homomorphism because (41) implies that

Tr(kE') = (1,kK') = (1,k) %, (1, k') = fx (k) *, fr (k).
Since fx is clearly a bijection, it is an isomorphism K = K. This completes the proof of

claim (ii). o o
It is clear that H N K = {1} and also that H x, K = (H x K, *,), so (iv) is valid.
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We prove claim (v) before proving claim (iii). We have

This proves claim (v).
Now claim (v) implies in particular that K’ C N(gxk.x,)(H). Since (H x K, %,) = Hx, K,
and since obviously H C Nimx K7*p)(f~f ), we get that

Nt g, (H) = (H x K, %,).

This means that H is normal in (H x K, *,), which proves claim (iii) and completes the
proof. O

Definition 5.21. Let H and K be groups and let
p: K — Aut(H)

be a group homomorphism. The group (H x K,x,) is the ‘semidirect product of H and K
with respect to p’ and is denoted by H x, K, or simply by H x K when p is clear from
context.

Notation 5.22. We use the canonical isomorphisms described in Theorem 5.20 (ii) to
identify both H of K with subgroups of H x, K, and so we henceforth drop the notation
H, K and simply write H and K in their place. As usual, we often drop the binary operation
*, from all notation.

We sometimes also write k- h := p(k)(h) for h € H, k € K, whenever p is clear from
context. With this notation, the formula for the binary operation in H x K becomes

(h,k)(W, K" = (h(k - 1), kK
and the formula of Theorem 5.20 (v) becomes
khk™' =k h
for any h € H and k € K.

Remark 5.23. The symbol H x K reminds us that, under the identifications of Notation
5.22, H is a normal subgroup of H x K, while K is not necessarily normal in H x K. Unlike
the direct product x, the semidirect product x is certainly not symmetric.

The following result clarifies when exactly K can be normal in H x K.
Proposition 5.24. Let H and K be groups and let
p: K — Aut(H)
be a group homomorphism. Then the following conditions are equivalent.

(i) The identity function between H x K and H x K is a group homomorphism.
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(ii) The identity function between H x K and H x K is a group homomorphism.

(iii) p is the trivial homomorphism from K to Aut(H) (meaning p(k) = idg for every
keK).

(iv) K is normal in H x K.

Proof. 1t is clear that (i) and (ii) are equivalent, since the equality of underlying cartesian
products H x K = H x K is obviously bijective.
Now condition (i) holds if and only if

(h(p(k) (W), kK) = (h, k) wy (W, k) = (, K)(, K) = (R, k)

for every h, b/, k, k'. Equivalently h(p(k)(R")) = hh' for every h, b/, k. Equivalently p(k)(h') =
I for every k € K and every b/ € H. Equivalently p(k) = idy for every k € K. This proves
that conditions (i) and (iii) are equivalent.

We now prove that conditions (iii) and (iv) are equivalent. Since H x K = HK and
trivially K normalises K, we know that K is normal in H x K if and only if H normalises
K. it is enough to prove that H normalises K if and only if p(k) = idy for every k € K.

Now H normalises K if and only if for every 2 € H and y € K the element zyz~! belongs
to K, if and only if (zyz~')y~! belongs to K. But z(yz~'y~!) always belongs to H (since
H is normal), so H normalises K if and only if for every x € H and y € K the element
rzyx~'y~! belongs to H N K = {1}, if and only zy = yx for every x € H and y € K, if and
only x = yxy~! for every x € H and y € K.

To conclude the proof or the equivalence of (iii) and (iv) we use Theorem 5.20 (v). For
r=(h,1) € H and y = (1,k) € K one has yzy~! = (p(k)(h),1). Therefore x = yaxy ! for
every x € H and y € K if and only if p(k)(h) = h for every k € K and every h € H, if and
only if p(k) = idy for every k € K. tis completes the proof. O

Examples 5.25.
(i) Let G be a group. The homomorphism p : G — Aut(G) given by p(g)(¢') = gg'g~* for
all g,g' € G defines a group G x G = G %, G in which (g1,92)(g3,94) = (91929395 > 9294)-
This group is isomorphic to G x G if and only if G is abelian.
(ii) Let

p: 227 — Aut(Z/3Z)
be given by p(0)(x) = = and by p(1)(x) = —x for x € Z/37Z. 1t is easy to see that p is
a homomorphism. Then the group Z/37Z %, Z/27 is a non-abelian group of order 6 and
contains H = {(0,0), (1,0),(2,0)} as a normal subgroup. In fact, it is easy to see that the
map

Z/3Z %, 7,27 — Dg
given by

(0,0) =1, (1,0) 7, (2,0) 7% (0,1) s, (1,1)~ sr, (2,1) > sr?

is an isomorphism.
(iii) More generally, let
p:Z/27 — Aut(Z/nZ)
be given by p(0)(x) = x and by p(1)(z) = —x for x € Z/nZ. It is easy to see that p
is a homomorphism. Then the group Z/nZ x, Z/27 is a non-abelian group of order 2n
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and contains H = {(0,0), (1,0),(2,0),...,(n — 1,0)} as a normal subgroup. In fact, as a
straightforward generalisation of part (ii), one sees that

Z/nZ %, L,/2Z. — Doy,
(iv) More generally, for any abelian group H, let
p:Z)27 — Aut(H)

be given by p(0)(z) = = and by p(1)(z) = —x for x € H. It is easy to see that p is a
homomorphism. Then the group H x, Z/2Z contains H as a normal subgroup of index 2.
As an example one may consider the case H = Z and obtain the group

Do :=7Z %y Z)27.
This group is non-abelian, so in particular it is not isomorphic to Z. For instance one has
(6,1)(2,0) = (6 4+ p(1)(2),140)=(6—-2,1) = (4,1)
and
(2,0)(6,1) = (2+ p(0)(6),0+1) =(2+6,1) = (8,1).
(v) More generally, for any abelian group H, let
p:Z/2nZ — Aut(H)

be given by p(k)(z) = (—1)*z for 0 < k < 2n — 1 and for z € H. It is easy to see that p is
a homomorphism.

As an example we consider the case H = 7Z/3Z and n = 2. The group Z/47Z x,7/37 has
order 12 and we claim that it is non-abelian, so for instance it cannot have isomorphism
class C19, or isomorphism class Co x Cg. We also claim that it is not isomorphic to Dio
or to A4. In this way, we have used the semidirect product to construct a genuinely new
group that we had not encountered previously.

We have

(1,1)(2,0) = 14+ p(1)(2),140)=(1—-2,1) = (2,1)
while

(2,0)(1,1) = (24 p(0)(1),04+1)=(2+1,1) = (0,1),
so Z/AZ %, 7./37 is non-abelian.

In addition D1y and A4 do not have any elements of order 4, but Z/47Z x, Z/3Z con-
tains the cyclic subgroup Z/47Z of order 4 (which in fact is the unique Sylow 2-subgroup).
Therefore Z/47 %, Z/37 cannot be isomorphic to either Dip or Ay.

(vi) Let H be a group. Let
p=1id: Aut(H) — Aut(H)
be the identity map. The semidirect product
Hol(H) := H x;q Aut(H)

is called the ‘holomorph’ of H.

(vii) Let p and ¢ be distinct primes with, say, p < ¢. We note that, by [2, Prop. 4.16, p.
135] (or Exercise 2.101), the group Aut(Z/qZ) is cyclic of order ¢ — 1, with each element
given by multiplication by an element of {1,2,...,q — 1}.
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We saw in Example 4.91 that if pt ¢ — 1 then any group of order pq is necessarily cyclic.
This is consistent with the fact that there is no non-trivial homomorphism from Z/pZ to
Aut(Z/qZ).

If on the other hand p | ¢ — 1, then one may use [2, Prop. 4.16, p. 135] and Cauchy’s
Theorem to show that there is a non-trivial homomorphism

p:Z/pZ — Aut(Z/qZ).

It can further be proved that the associated semidirect product Z/qZ x,Z/pZ is the unique
(up to isomorphism) non-abelian group of order pq.

Exercise 5.26. Prove that Hol(Z/27Z x Z/27) = S;.

Exercise 5.27. Construct a non-abelian group of order 21 and a non-abelian group of order
39.

Exercise 5.28. Construct two non-isomorphic non-abelian groups of order 27.
As in the case of direct products, we have a Recognition Theorem for semidirect products.

Theorem 5.29. Let G be a group. Let H be a normal subgroup of G. Let K be a subgroup
of G. Assume that
HnK={1}.

Let

p: K — Aut(H)
be given by

p(k)(h) := khk™L.
Then HK = H x, K.

If in particular G = HK then G = H x, K.

Proof. We know HK is a subgroup of G by Corollary 3.53 and Proposition 3.51 (since H is
normal in G). By Exercise 5.11, each element of H K has a unique expression of the form hk
with h € H and k € K. The function hk — (h, k) is a well-defined bijection HK — H x, K.
The fact that it is a group homomorphism now follows from (39). O

The above result is linked to a general bit of terminology, which we include here only for
completeness.

Definition 5.30. Let G be a group and let H be a subgroup of G. A subgroup K of G is
called a ‘complement for H in G’ if both G = HK and H N K = {1}.

Example 5.31. In Example 4.91 we saw that, if a group G has order pq for distinct primes
p and ¢, with p < ¢, then G has a normal Sylow g-subgroup Q. We also saw that if pt ¢—1,
then G is necessarily cyclic.

Let P be a Sylow p-subgroup of P. In either case, one has @ N P = {1} by Lagrange’s
Theorem. One also has that QP = G and therefore Theorem 5.29 implies that G is
isomorphic to a semidirect product @ x, P.

We note that by Theorem 5.33 and Proposition 5.46 below, the unique isomorphism class
of abelian groups of order pq is C,.
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In the case p t ¢ — 1 we already know that G is also isomorphic to @ x P, and Proposition
5.24 shows that p : P — Aut(Q) must be the trivial homomorphism.

Suppose now that p | ¢ — 1. In this case, in addition to the isomorphism class Cjq, there
is a unique non-abelian group of order pq up to isomorphism. This claim is equivalent to
verifying that all non-trivial homomorphisms p : P — Aut(Q) lead to isomorphic semidirect
products.

Let y be a generator of P. By [2, Prop. 4.16, p. 135] (or Exercise 2.101) we know that
Aut(Q) is cyclic of order ¢ — 1. Therefore it contains a unique subgroup of order p. Let
v be any element of Aut(Q) of order p. Then any homomorphism p : P — Aut(Q) must
map y to a power of v. The possibilities are p;(y) := +7 for each 0 < j < p— 1, with pg the
trivial homomorphism.

Set Gj := @ x,,; P for some j with 2 < j < p — 1. We explain why G; is isomorphic to
G1. Fix k with jk congruent to 1 modulo p. Then the map G1 — G given by

(2,9") = (2,9™),
for z € @), is easily seen to be a group homomorphism and therefore also a group isomor-
phism.
This shows that all non-abelian groups of order pg must be isomorphic.

Example 5.32. One can show that any group G of order 30 has a subgroup H of order 15
(see [2, p. 143,144]). Such a subgroup H is necessarily both normal (by Lemma 3.31) and
cyclic (by Example 4.91).

By Sylow’s Theorem, G also has a subgroup K of order 2, and again by Theorem 5.29,
G must be isomorphic to a semidirect product H x, K for some p : K — Aut(H).

We note that by Theorem 5.33 and Proposition 5.46 below, the unique isomorphism class
of abelian groups of order 30 is C39.The trivial homomorphism corresponds to this class.

Any non-trivial p must map the non-trivial element of K to an element of order 2 in
Aut(H). Now using the fact that H is cyclic of order 15 one may show, either directly or
via the general result [2, Prop. 4.16, p. 135], that Aut(H) only contains three elements of
order 2. In this way we see that, up to isomorphism, there are (at most) three non-abelian
groups of order 30.

In fact there are exactly three non-abelian groups of order 30 up to isomorphism, because
the groups Z /57 x Dg, 7Z/37 % D1 and Dsg are pairwise non-isomorphic.

5.2. The Fundamental Theorem of finite abelian groups.

5.2.1. The statements. In this section we state the Fundamental Theorem, which we shall
prove in section 5.2.3 below. In fact we will discuss two different but equivalent formulations
of this result.
Theorem 5.33. Let G be a finite abelian group. Then G has isomorphism class
Cny X Cpy X ... x Chp,

for some integers s € N and n; > 2 with the property that nji1 divides nj for all1 < j <
s—1.

This description of the isomorphism class of G is unique: if G has isomorphism class

Cmy X Oy X oo X Cpy,
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for some integers m; > 2 with the property that m;+1 divides m; for all 1 <i <t —1, then
t=sand m; =n; for all1 <i<s.

Definition 5.34. The integers ni,...,ns are the ‘invariant factors’ of G. One sometimes
says that G has ‘type’ (ny,...,ns).

Remark 5.35. One has |G| = ny...ns. Theorem 5.33 thus states that, for a fixed n € N,
there is a bijection between the sets of isomorphism classes of finite abelian groups of order
n, and the set of all finite sequences of integers ni,...,ns (greater than 1) which satisfy
nj+1 | nj for all j as well as ny...ng =n.

In any such sequence we have n; > ... > ng, and each n; divides n. So any prime factor
p of n must divide some invariant factor n;, and then it must also divide n;_1,...,n;. In
particular, every prime divisor of n must divide nj.

Corollary 5.36. If G is a finite abelian group and |G| is square-free then G is cyclic.

Proof. As explained in Remark 5.35, if |G| = p;...py, for distinct primes p;, then each p;
must divide the first invariant factor n;. Therefore |G| | n1 | |G| so n1 = |G|, It follows that
s =1 and that G has isomorphism class Cp,, = Cg|, so G is cyclic. U

Example 5.37. We determine the isomorphism classes of all abelian groups of order 180 =
22.32.5. We must have 30 =2-3-5 | n1 so the only possibilities for n; are

180 =22.32.5, 60=22-3-5, 90=2-32.5, 30=2-3-5.

We consider each of these cases individually. If n; = 180 then s = 1 and we are done.

If n; = 90 then the only number ns > 2 dividing n; with the property that nins divides
180 is ny = 2. In this case niny = 180 so s = 2 and we are done.

If n; = 60 then the only number ns > 2 dividing n; with the property that nins divides
180 is ng = 3. In this case nine = 180 so s = 2 and we are done.

We finally consider the case n; = 30. A priori, the only candidates for no are 2,3 or 6.
But if ny = 2 then since n3 | ng we would have ng = 2, but then njnang would be divisible
by 23, which is impossible. Similarly if ny = 3 then since n3 | ny we would have ng = 3, but
then ninon3 would be divisible by 33, which is impossible. Therefore the only possibility is
ng = 6 and then s = 2 and we are done.

We have proved that all possible isomorphism classes of abelian groups of order 180 are

(42) C1s0, Coo X Ca, Cgo X C3, Cs0 x Cg.
We now give another formulation of the Fundamental Theorem.
Theorem 5.38. Let G be a finite abelian group and let
|G| = pi'py* ... pp*
be the prime decomposition of G. Then
(43) G= A x Ay x ... x Ay
where each group A; is the Sylow p;-subgroup of G and has isomorphism class

C,@l,i XC;;M X ... XCﬁtm
p; p; p;
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for natural numbers t; and [3;; with

(44) Bri = B2i = - = B
This decomposition is unique: if G = By X By X ... X By with |B;| = p® then for all i we
have B; =2 A; and B; and A; have the same sequence of invariant factors Bii, B2, .- Bti-

Remark 5.39. Obviously one has |4;| = pi and 51+ f2:+ ... B, = a;. Also since G is
abelian each group A; is the unique Sylow p;-subgroup of G. The fact that G is isomorphic
to the direct product of its own Sylow subgroups is sometimes referre to as the Primary
Decomposition Theorem for finite abelian groups.

Definition 5.40. The integers piﬁj‘i, for1 <i<kand1<j<t,are called the ‘elementary
divisors” of G. The description given in Theorem 5.38 is then the ‘elementary divisor
decomposition’ of G.

Remark 5.41. The elementary divisors of G are thus partitioned into the invariant factors
of each of its Sylow subgroups A;. Beware, however, that the elementary divisors of G are
in general not the invariant factors of G itself.

Exercise 5.42.

(i) Let p be a prime number. Prove that the number of isomorphism classes of abelian groups
of order p® is equal to the number of partitions of «, in the sense of Definition 4.69 (ii).
Determine all isomorphism classes of abelian groups of order p® for each of a = 1,2, 3,4, 5.
(ii) Let n = p{* .. .pzk. Let ag be the number of partitions of ay. Show that the number of
isomorphism classes of abelian groups of order n is aq ... ag.

Remark 5.43. In particular, the number of isomorphism classes of abelian groups of order
p® is independent of p.

Examples 5.44.

(i) As we already verified in Example 5.37, if we consider n = 180 = 22 - 32 - 5, since the
number of partitions of 2 is 2 and the number of partitions of 1 is 1, we get that there are
2-2-1 = 4 isomorphism classes of abelian groups of order 180. These were already listed
in (42).

(ii) For n = 1800 = 23 - 32 - 52 we have 3 partitions of 3 and 2 partitions of 2 and hence 12
isomorphism classes of abelian groups of order 1800. The possible isomorphism classes of
Sylow 2-subgroups of such a group are

Cg, 04 X CQ, 02 X 02 X 02.

The possible isomorphism classes of Sylow 3-subgroups of such a group are Cy or C3g x Cj.
The possible isomorphism classes of Sylow 5-subgroups of such a group are Cas or C5 x Cs.
Thus the 12 isomorphism classes of abelian groups of order 1800 are

Cs x Cg x (g5, Cg x Cyx (s x Cy, Cg x C3 x C3 x Cos,
Cs x O3 x C3 x5 x Cg, Cq x CoaxCy x Cos, Cq x CyxCyxCsxChs,
Cy x Cy x C3 x U3 x Cog, Cy x Uy x C3xC3 x C5 x C5, Cy x Cyg x Cy x Cg x Coas,
Cy X Uy x Cy xCgoxCsxCs CoxCyxCyxCyxC3x Cos, CyxCyxCyxCqgxCsxCyxCs.
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Remark 5.45. As we already mentioned in Remark 5.41, the elementary divisors of G
are invariant factors of the Sylow subgroups of G but not of G itself. For instance in
the above list of classes, we have not expressed the given isomorphism classes in terms of
the corresponding invariant factors. The next result gives us a crucial step in translating
decompositions in terms of invariant factors into decompositions in terms of elementary
divisors, and vice versa.

Proposition 5.46. Fiz m,n € N.
(i) The group Z/mZ x Z/nZ is isomorphic to the group Z/(mn)Z if and only if m and
n are coprime.
(ii) If n=p{'...pp"* then
Z/nL = L[pP L X ... X L/pyF L.

Proof. Claim (ii) follows from claim (i) through a straightforward induction argument. We
leave the details to the reader and only discuss the proof of claim (i).

Set [ := lem(m,n), so that [ = mn if and only if (m,n) = 1. Then for any (a,b) €

Z]mZ x Z/nZ we have
l(a,b) = (la,1b) = (0,0).

So if (m,n) # 1, every element of Z/mZ x Z/nZ has order at most | < mn. Then
Z/mZ x Z/nZ does not contain any elements of order mn and therefore it cannot be
isomorphic to Z/(mn)Z.

Conversely if (m,n) =1 then

o([Wms 1)) = lem(o([Un), o[Lm)) = I = mn

so the cyclic subgroup (([1], [1]n)) of Z/mZ x 7 /nZ has order mn, and thus Z/mZ x Z/nZ
must in fact be cyclic, as required. O

Remarks 5.47.
(i) We may use Proposition 5.46 to obtain the elementary divisors of a finite abelian group
G from its sequence of invariant factors ni,no,...,ns. Let

’G| = p?lng .. -pZ’“ =ning...Ns.
Write down the prime factorisation of each n; as

Bi1_ B, B3,
n; :plﬂpQ”...pk”,

for integers Bj; > 0. Then Proposition 5.46 implies that
Z/niZ = TP T x Tpy? x ... x T/pi*,

where any factor of the form Z/p°Z = 7Z/7 = {1} may obviously be deleted from the above

decomposition. Then the elementary divisors of G are precisely the integers p;”* for each
1 <i<kandeach 1 <j < s that satisfies 3;; # 0.

(ii) Conversely, given the elementary divisors of a finite abelian group G one easily obtains
the invariant factors as follows. Suppose |G| = p{™* ... po*. Set

s :=max(ty,...,t).
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Set Bj; := 0 whenever s > j > t;, thus adding 1’s to the list of invariant factors pf 7' Then
for each 1 < j < s the j-th invariant factor n; is
B.v ‘72 /BAY
n; = py’ 1p§] . ..pk’k.

Example 5.48. We may use the method outlined in Remarks 5.47(i) to obtain the elemen-
tary divisors of an abelian group G from any cyclic decomposition of G, not just from the
decomposition in terms of invariant factors. For instance if G = Z/6Z x Z/15Z then the
elementary divisors of G are 2,3, 3,5 so in particular G also has isomorphism class

CQXCgXCgXC5.

Example 5.49. As in Example 5.44 (ii) we consider the case n = 1800 = 23 - 32 . 52. We
already listed all possible sequences of elementary divisors of abelian groups of order 1800,
through the corresponding isomorphism classes. Let us now re-write each such isomorphism
class in terms of its corresponding sequence of invariant factors.

Cg x Cg x Ca5 =C1300, Cs x Cg x U5 x C5 = U360 X C5,

Cs x O3 x C3 x Cy5 =Cgpp X Cs, Cs x O3 x O3 x C5 x (5 = Cyog X Ch5,

C4 X CQ X Cg X 025 :Cgoo X 02, 04 X CQ X 09 X 05 X C5 = 0180 X ClO,

Cy x Cy x C3 x O3 x Cos5 =C309 x Cg, Cy x Oy x C3 x O3 x C5 x Cs =Cgy x Cszp,
02XCQXC2X09X025:C450X02XCQ, CQXCQXCQXCQXCE)XC5:C90X010XCQ,

02XCQXCQX03X03X02520150X06X02, 02XCQXCQ><C3X03XC5><C52030X030><02.
Let us briefly indicate all the relevant computations involved in each of the 12 cases.

e The sequence of invariant factors n; = 1800 gives n; = 23-32.52 and thus elementary
divisors 8,9,25. Conversely, the elementary divisors 8,9,25 give s = 1 and n; =
8-9-25=1800.

e The invariant factors n; = 360 = 23 -32 .5 and no = 5 give elementary divisors
8,9,5,5. Conversely the elementary divisors 8,9,5,5 give s =2, n1 =8-9-5 = 360
andng=1-1-5=5.

e The invariant factors n; = 600 = 23 -3 - 52 and no = 3 give elementary divisors
8,3, 3,25. Conversely the elementary divisors 8, 3, 3,25 give s = 2, ny = 8:3-25 = 600
and np =1-3-1=3.

e The invariant factors nq; = 120 = 23 -3 -5 and ny = 15 = 3 - 5 give elementary
divisors 8, 3,3,5,5. Conversely the elementary divisors 8,3,3,5,5 give s = 2, n1 =
8-3-5=120andne =1-3-5=15.

e The invariant factors n; = 900 = 22 - 32 .52 and ny = 2 give elementary divisors
4,2,9,25. Conversely the elementary divisors 4, 2,9, 25 give s = 2, ny = 4-9-25 = 900
andng =2-1-1=2.

e The invariant factors n; = 180 = 22-32 .5 and ny = 10 = 2 - 5 give elementary
divisors 4,2,9,5,5. Conversely the elementary divisors 4,2,9,5,5 give s = 2, n; =
4.-9.-5=180and ny =2-1-5=10.

e The invariant factors n; = 300 = 22-3-5% and ny = 6 = 2 - 3 give elementary
divisors 4,2,3,3,25. Conversely the elementary divisors 4,2,3,3,25 give s = 2,
n=4-3-25=300andny =2-3-1=06.
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e The invariant factors ny = 60 = 22-3-5 and ny = 30 = 2 -3 - 5 give elementary
divisors 4,2,3,3,5,5. Conversely the elementary divisors 4,2,3,3,5,5 give s = 2,
n=4-3-5=60and ny =2-3-5=230.

e The invariant factors n; = 450 = 2-3% .52 ny = 2 and n3 = 2 give elementary
divisors 2,2,2,9,25. Conversely the elementary divisors 2,2,2,9,25 give s = 3,
n=2-9-25=450,ne=2-1-1=2andng=2-1-1=2.

e The invariant factors n; = 90 = 2-32.5, no = 10 = 2-5 and n3 = 2 give elementary
divisors 2,2,2,9,5,5. Conversely the elementary divisors 2,2,2,9,5,5 give s = 3,
n=2-9-5=90,n9=2-1-5=10andn3=2-1-1=2.

e The invariant factors n; = 150 = 2-3-52, ny = 6 = 2-3 and n3 = 2 give elementary
divisors 2,2,2,3,3,25. Conversely the elementary divisors 2,2, 2,3, 3,25 give s = 3,
n=2-3-25=150,ne=2-3-1=6andng=2-1-1=2.

e The invariant factors ny =30 = 2-3-5, no = 30 = 2-3-5 and n3 = 2 give elementary
divisors 2,2, 2,3, 3,5,5. Conversely the elementary divisors 2,2,2,3,3,5,5 give s =
3,n=2-3-5=30,n9=2-3-5=30andnz3=2-1-1=2.

Exercise 5.50. Prove that Theorem 5.33 is valid if and only if Theorem 5.38 is valid (you
may and should, of course, use Proposition 5.46).

5.2.2. The exponent. In this section we briefly introduce a general notion, and some related
results in the case of finite abelian groups, that will be useful in the sequel.

Definition 5.51. Let G be a finite group. The ‘exponent’ e(G) of G is
e(G) :=min{n e N: ¢g" =1 for all g € G}.
Remark 5.52. The exponents of isomorphic groups coincide.

Lemma 5.53. Let G be a finite abelian group. Then
e(G) = max{o(g) : g € G}.

Proof. Obviously e(G) > max{o(g) : ¢ € G}. Let z € G be an element of maximal order.
We must simply prove that o(z) = e(G).

Now e(G) is the least common multiple of the finite set of natural numbers {o(g) : g € G}.
If we can prove that o(g) divides o(z) for every g € G then we must have e(G) = o(z), as
required.

To argue by contradiction, assume that we have g € G for which o(g) t o(x). Then there
is a prime number p and a natural number j with the property that p’ | o(g) but p’ { o(z).
Write o(z) = p'k with p{ k and i < j.

We set 2’ := 27" and ¢ := ¢°9)/P’. Then o(2') = k and o(g’) = p’, so that o(z) and o(g’)
are coprime. Now since G is abelian, the order of the element z'¢’ is

o(z")o(g') = kp’ > kp' = o(x).
This would contradict the maximality of o(x). O
Lemma 5.54. If G is a finite abelian group then o(g) divides e(G) for every g € G.

Proof. Fix © € G with the property that o(x) = e(G). To argue by contradiction we fix
y € G for which o(y) 1 o(x).
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Then there exists a prime number p and integers r and s, with 0 < r < s, for which p”
is the power of p which occurs in the prime decomposition of o(x) but p® is the power of p
which occurs in the prime decomposition of o(y).

Now
O(xpT) B o(x) B o(x)

is not divisible by p but

= =p°.
(o(y),0(y)/p*)  ol(y)/p*
In particular o(z?") and o(y°®¥)/P*) are coprime.
Now, since G is assumed to be abelian, the product z := 2P y°®)/P* has order

O(yo(y)/ps) _ O(y) O(y) s

o(z) = lem(o(a?"), o(y° /")) = o(a? o(y*W*") = Oz(j)ps = o(z)p*™" > o(x).
This contradicts the maximality of o(z) in the choice of the element x and thus completes
the proof. O

Proposition 5.55. Let G be a finite abelian group. Then the first invariant factor ny of G
is equal to e(G).

Proof. On the one hand, since G contains an element of order n;, Lemma 5.54 implies that
ny divides e(G). On the other hand, for any element

(a1,a2,...,a5) € Z/MZ X L|noZ X ... X L[nsZ

one has
n n n n
4 = — ey — = —0,...,—0) =
(45) mi(ar,az,...,05) = (mar, =nnas,..., - =nsas) = (0,270, 220) = (0,0,...,0),
because n; is divisible by every other invariant factor n; of G.
Now (45) implies that ¢"' =1 for every g € G. Therefore e(G) < n;. We conclude that

n1 = e(G), as required. O

Lemma 5.56. Let G be a finite abelian group. Fix an element x in G of maximal order
o(x) = e(G). Fizy € G and consider the left coset y(x) € G/(x). Then there exists z € y(x)
with the property that o(z) = o(y(x)).

Proof. We have
YWD () = (ya) WD = (),
so y°W) belongs to (z) and there exists € Z such that
(46) yowle)) = g7,
Of course one always has (y(z))°® = (z) so o(y(z)) divides o(y) and therefore

oly) _ o)
o(y(xz))  (o(y),oly{z))

~

— ofy ) = o(a”) =

We get that
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so Lemma 5.54 implies that o(y(z)) divides (e(G),r), and in particular divides r. We may
and will then fix s € Z for which

(47) r = so(y(z)).

We now set z := yz~*® € y(z). We must prove that o(z) = o(y(z)).
On the one hand, since G is abelian, we have

2o(@)) oy y=so(u(@)) _ yolul)) y=r _ 1

where we have used both (47) and (46). Thus o(z) divides o(y(x)).
On the other hand (z(x))°*) = (z) so o(z) divides o(z(x)) = o(y(x)) (here we have used
that z is chosen to belong to the same left coset of (z) as y). This completes the proof. [

5.2.3. The proof of Theorem 5.33. In this section we prove the Fundamental Theorem of
finite abelian groups, through its formulation in Theorem 5.33. Recall that, by Exercise
5.38, one then also obtains a proof of Theorem 5.38.

We prove the existence of the claimed decomposition by induction on |G|. We will later
prove the uniqueness claim of Theorem 5.33.

If |G| = 1 then certainly G has isomorphism class C7, which gives the claimed decompo-
sition with s =1 and n; = 1.

We now assume that |G| > 1 and that the existence claim of Theorem 5.33 is valid for
every finite abelian group of order strictly less than |G|. We fix z; € G with maximal order
o(z1) = n1 == e(G) and we set Hy := (z1).

The quotient group G/H; is abelian and has order |G|/ni < |G|. By the inductive
hypothesis there exists » € N and a sequence of integers m; > 2 with the property that
mjt1 | my for all 1 <j <r —1 and that G/H; has isomorphism class

Cmy X Cry X oo X Cpy,

For notational simplicity we set s := r + 1 and n; := mj_; for every 2 < j < r. Then
we have a sequence of integers ns, ns, ..., ng, all greater than or equal to 2, all dividing the
previous one, with the property that G/H; has isomorphism class

Chy X Cpy X ... X Ch,.
We fix an isomorphism
f:G/Hy = Z/noZ x Z/n3Z X ... x L/nsZ.
For each 2 < 5 < s we set
uj :=(0,0,...,0,1,0,...,0) € Z/noZtxZ/n3ZX. .. L) 1j A LXL| 0 LXL[1j 1 LX . . . XL[nZ.
Then o(f~!(u;)) = o(u;) = n; and, by Lemma 5.56, there is
(48) zj € [N (uy)

with the property that o(z;) = n;.

For each 2 < j < s we set H; := <zj) and then also K := H, ... Hg, which is a subgroup
of G by Remark 5.10. We write ¢k for the inclusion K C G and 7y, : G — G/H; for the
projection map. We require the following intermediate result.
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Lemma 5.57. The composition
(rm, oux) - K — G/H;
is surjective. In particular |G/H,| < |K| and |G/H;| = |im(mp, o vk )| = |KH1/Hy|.

Proof. Fix a left coset xHy in G/H;. Then for 2 < j < s there are integers a; with the
property that

Here the fifth equality holds by (48).
Now k :=[[125 z;j belongs to K and so we finally get

j=
cHy =kl =7y, (k) = mg, (ke (k) = (7m0 uc) ().
This completes the proof of the lemma. O

We shall now use Lemma 5.57 to continue with our proof by induction of the existence
claim of Theorem 5.33. We have that

|K| < |Hg|...|Hs| =no...ns=|G/H| < |K]|,

with the last equality from Lemma 5.57. But then all the inequalities must be equalities,
so we find that

(49) K| = |Hy| ... |Hy| = |G/Hy].
We wish to apply Theorem 5.12 to prove that
(50) K = Hy X ...x Hs.
To do so we only need to fix 2 < j < s and prove that
H;N(Hy...Hj_1Hj_...H,) ={1}.
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But by Proposition 3.49 we have that

_|Hj||Hy .. . Hj 1Hjq... H|

~ |HjHy...Hj_1Hj_y ... H;
C|Hj||[Hy ... Hj 1 Hj ... Hy

B K]

N Hjl|H| - [Hj1[[Hja| . [ H|
- K|

with the last equality by (49). This proves that (50) is valid.

With a view to applying Theorem 5.12 again (or Corollary 5.14), this time to the sub-
groups H; and K, we next claim that

‘Hj N (HQ .. .Hj_lHj_l . HS)|

=1,

(51) HiNK={1}.

This is true because, by the Second Isomorphism Theorem 3.56 we have
B H B = 1 = K],
’Hl N K‘

with the second equality by Lemma 5.57 and the third equality by (49).
Since in addition Proposition 3.49 gives

|Hy||K|
|H1 ﬂK’

we must have H1 K = G and so, applying Corollary 5.14 by keeping (51) in mind, we finally
get that G = Hy x K and therefore, by (50), also that

GnggHQX...XHS.

|Hi K| = = [Hi||K| = [H1[|G/H:| = |G|

This proves that G has isomorphism class
Chpy X Cpy X ... x Cy,.

To conclude the proof of the existence claim of Theorem 5.33 it is enough to recall that
ny = o(z2) must divide n; = e(G) by Lemma 5.54.

We now finally proceed to prove the uniqueness claim of Theorem 5.33. Applying Propo-
sition 5.55 to any two sequences n1,ns,...,ns and mi,ms, ..., m; of invariant factors of G
we get that

ni = e(G) = my.
To now argue by contradiction we assume there is a natural number k£ with the property
that
ny =mi, No = Mo, ..., Ng_1 = Mk_1, Nk 7= M.
Without loss of generality we may also assume that ng > my.
Now since both
G =7/ Z X L[naZ x ... x L/nsZ
and
G" = Z/m1Z X Z)moZ x ...x L]miZ
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are isomorphic to GG, we may fix an isomorphism
f:¢a"=q".
We also write
am, : G = G
for the homomorphism given by a,,, () = mz for x € G’, and
p g Y k
B, : G — G

for the homomorphism given by S,,, (y) = myy for y € G”.
We claim that

(52) foamk :/Bmkoﬁ
Indeed for any z € G’ one has
flom, (@) = f(miz) = myf(x) = Bm, (f(x)).

Since f is an isomorphism, from (52) we then get that

(83)  [im(am,)| = [f(im(em, )| = [Im(f © am, )|
= [im(B, © )| = By, ((m ()] = By (G7)] = [1m(Biy, )]

To finally arrive at a contradiction we will compute the order of the images of a,,, and
of B, . We begin by considering the latter.
We have

im(Bm,,) = miG" = mpZ/maZ x mgZ/moZ X ... X myZ/my_1Z,

since all additional terms in the direct product G” become trivial after multiplying by my.
Recalling that for 1 < j < k — 1 the Third Isomorphism Theorem 3.58 gives

Z/m;Z| m;

mg = 7 me = =
2 | \miZ/m;Z|  |myZ/m;Z|
we get that
Jj=k-1 j=k—1 j=k—1
. mi P25 my
(54) [m(Bn )l = ] tmuz/mzl= ] — ==
j=1 j=1 'k my,

Similarly we have that the subset
S = mp L/ Z X mpZ/noZ % ... X mpZL[ng—1Z X {[0]n,, [Mk]n, }

of G’ is contained in im(ayy, ), and we observe that [0],, # [mg]n, as we have assumed that
my < ng. By an identical application of the Third Isomorphism Theorem 3.58 to compute
the cardinality of the cartesian product S we get that

j=k—1 j=k—1 j
1

- _ 7l nj _
(55) lim(aum, )| > |S] = 2 Hl \mpZ/n;Z) = 2 Hl - =2
J= J=

—k

-1
—1

my,
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Recalling our choice of k and combining (53), (54) and (55) we finally get that

j=k—1 j=k—1 j=k—1
n; = mj =mFim(Bp, )| = mF 7 im(au, )| > 2 n;
J = j = My my, )| = T my )| = j
j:l j:l j:l
. i=k—1 . . .
Since H;:]f n; > 1 for any sequence of invariant factors ni,...,ns and any index k > 1,

we have arrived at the desired contradiction.
We have proved that n; = m; for every 1 < j < min(s,t). Since
ni...ns = |Gl =mq...my

we must have s = t. This completes the proof of the uniqueness claim and therefore also of
Theorem 5.33.

5.2.4. Groups of small order. For n < 19 it is easy to list all isomorphism classes of groups
of order n, except in the case n = 16, which is much more involved.
There are of course five isomorphism classes of abelian groups of order 16, namely

016, Cg ><C27 C4><C4, C4><Cg XCQ, CQXCQXCQ XCQ.

However there are an additional nine isomorphism classes of non-abelian groups of order
16, and fully justifying their classification can get tricky.

We give the complete list of isomorphism classes corresponding to each such n # 16.
We leave, as an exercise for the reader, the proper verification that these lists are indeed
complete!

e For n = 1 we only have the class (1.

e For n = 2 we only have the class Cs.

e For n = 3 we only have the class Cs.

e For n = 4 we have the classes C4 and Cy x Cs.

e For n = 5 we only have the class Cs.

e For n = 6 we have the class Cg and also the class of S5 = Dg.
e For n = 7 we only have the class C5.

e For n = 8 we have the classes Cg, C4 x Cy and Cy x Cy x C5 and also the class of
Dsg and the class of Qs.

e For n =9 we only have the classes Cy and C3 x Cj.
e For n = 10 we have the class Cig and also the class of Dqg.
e For n = 11 we only have the class C1;.

e For n = 12 we have the classes C15 and Cg x Cy and also the class of Ay, the class
of D19 and the class of
7.)37 X 1]AZ,
where the semidirect product is as discussed in Examples 5.25 (v). See also Example
5.58 below for more details.
e For n = 13 we only have the class Ci3.

e For n = 14 we have the class Ci4 and also the class of D14.
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e For n = 15 we only have the class Cis.
e For n = 17 we only have the class C17.

e For n = 18 we have the classes Cig and Cg x C3 and also the class of Dqg, the class
of S x Z/37Z and the class of

(Z/3Z x 7.)37) x Z./27,

where the semidirect product is as discussed in Examples 5.25 (iv).

e For n = 19 we only have the class Cig.

Example 5.58. We give a sketch of the method to verify the case n = 12. Let G be a
group of order 12. Let V be a Sylow 2-subgroup of G and let T" be a Sylow 3-subgroup of
G. The group V must have isomorphism class C4 or Co x Cy while the group 7" must have
isomorphism class Cs.

In Example 4.94 we already saw that either V' or T" must be normal in G. By Lagrange’s
Theorem we have V N'T = {1} so by Theorem 5.29 we know G is a semidirect product,
either of the form V x, T or of the form T x, V. In fact in Example 4.94 we proved a
stronger statement: that either 7' is normal in G or G =2 Ay.

Assume for now that V' is normal in G. We must determine all possible homomorphisms
p: T — Aut(V).

If V has isomorphism class Cy then by [2, Prop. 4.16, p. 135] (or Exercise 2.101), Aut(V')
has order 2, so there is no non-trivial homomorphism p. In this case the isomorphism class
of G is Cha (since Z/12Z = Z/AZ x Z/3Z).

If instead V has isomorphism class C2 x C then one can show that Aut(V) = Ss.
Therefore Aut(V) has a unique subgroup of order 3. If we fix an element v of Aut(V)
of order 3 and a generator y of T" then the possible homomorphisms 7" — Aut(V') are p;,
defined by p;(y) := 47, for each j = 0,1, 2.

As usual py is the trivial homomorphism and thus the corresponding semidirect product
is actually a direct product with isomorphism class Cs x Cy (since Z/6Z x Z/27 = 7./ 27 x
7.)27 x Z./3Z). Both p; and po give rise to semidirect products with isomorphism class Ay,
as we already know from Example 4.94. It is also easy to prove this directly.

We now instead assume that 7T is normal in G. We must determine all possible ho-
momorphisms p : V. — Aut(T’). Since T" has isomorphism class Cs, Aut(T") has order 2,
again by [2, Prop. 4.16, p. 135] (or Exercise 2.101). In fact it is easy to see directly that
Aut(T) = {id, A}, where A inverts the elements of T.

If V' has isomorphism class Cy4 then, in addition to the trivial homomorphism leading to
the isomorphism class Cio again, there is one non-trivial homomorphism p, mapping any
generator x of V to A\. The semidirect product 17",V corresponding to this homomorphism
p is easily seen to be isomorphic to the semidirect product Z/3Z x Z/4Z that is discussed
in Examples 5.25 (v).

Finally we assume that V = (a) x (b) with isomorphism class Cy x Cy. The trivial
homomorphism again leads to the isomorphism class Cg x Cs. There are three non-trivial
homomorphisms p; : V. — Aut(T) for j = 1,2, 3, determined by the equalities

pi(a) =A=pi(b), pa(a) =1, p2(b) = A, p3(a) = A, p3(b) =1.
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All three of the corresponding semidirect products can be shown to be isomorphic to Dg x
Z,/27, which in turn is isomorphic to Ds.

5.3. (More) Exercises. Don’t forget to think about the exercises given throughout the
rest of section 5.

Exercise 5.59. Show that for groups G1,Go,...,G, one has
Z(G1 x Ga X ... x Gp) = Z(G1) X Z(G2) X ... x Z(Gy).
Deduce that a direct product of groups is abelian if and only if each of the factors is abelian.

Exercise 5.60. Let G; and G2 be groups and let p be a prime. Prove that any Sylow
p-subgroup of G1 X G is of the form P; x Py, where P is a Sylow p-subgroup of G; and P;
is a Sylow p-subgroup of Ga. Deduce that n,(G1 x G2) = n,(G1)ny(G2). Generalise these
statements to the direct product of n groups G1,Go,...,G,.

Exercise 5.61. Find a subgroup of Qg x Z/47Z that is not normal in Qg x Z/47Z.

Exercise 5.62. For n € N we recall that we write Egn for the direct product Z /27 x Z /27 x
... ZJ2Z of n copies of Z/2Z. Prove that all subgroups of Qg X Eon are normal.

Exercise 5.63. Let p be a prime and let n be a natural number. Find a formula for the
number of subgroups of F,» that have order p.

Exercise 5.64. Prove that Dsg, is not isomorphic to Dy, x Z/2Z.
Exercise 5.65. Let F' be a field. Let G be the following subgroup of Gl,,(F):

G :={(ajj) € Glo(F) :a;j =0for i > j and aj1 = ag = ... = ap,}.
Let D be the following subgroup of Gl,(F):
D = {:={(aij) € Gl,(F) :a;; =0for i # j and a1 = a2 = ... = ann}.
Let U be the following subgroup of Gl,,(F):
U:={={(aij) € Glo(F) :a;; =0for i > j and a1 = a2 = ... = apy, = 1}.

Prove that G = D x U.

Exercise 5.66. Give an example of a group G and normal subgroups Hi,...,H, of G
satisfying G = H; ... H), and satisfying H; N H; = {1} for every i # j, for which G is not
isomorphic to Hy x ... X Hy,.

In the following exercises we let H and K be groups, we let p : K — Aut(H) be a
homomorphism and we set G := H x, K.

Exercise 5.67. Prove that Cq(H) N K = ker(p) and that Cq(K) N H = Ng(K) N H.

Exercise 5.68. Let H be abelian and consider the group G := H x Z/27 defined in
Examples 5.25 (iv). Prove that every element of G\ H has order 2. Prove that G is abelian
if and only if every non-trivial element of H has order 2.

Exercise 5.69. Assume that K is cyclic, and suppose given two homomorphisms p1, po :
K — Aut(H) that satisfy im(p;) = im(p2). Assume also that either K is finite, or both p;
and ps are injective. Prove that H x, K = H x,, K.
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Exercise 5.70. For each of n = 10,576, 1155,42875,2704, determine the number of iso-
morphism classes of abelian groups of order n.

Exercise 5.71. For each of n = 270, 9801, 320, 105, 44100, determine the possible sequences
of invariant factors of an abelian group of order n. Determine also the possible sequences
of elementary divisors of an abelian group of order n.

Exercise 5.72. In each of the following lists of isomorphism classes of abelian groups,
determine how many of the given classes are distinct.
(i) 04 X Cg, C(; X 067 08 X 03, Cg X 04, Cﬁ X C4, 064-
(ii) C4 X Clg, 012 X CG, 072, 036 X Cg.
(111) 052‘72 X 032,5.7, 032,52,7 X 05,72, 03.52 X 072 X 03.5.7, 052.7 X 032,5.72.
(IV) C225.7 X 023,53 X 02.52, 023.53.7 X 023.53, 022 X 02.7 X CQB X C53 X 053, 02.53 X 022.53 X
CQS X C7.
Exercise 5.73. Find a finite group G that has no element of order e(G).

Exercise 5.74. Let p be a prime number and let G be a group with isomorphism class
Cper X Cpag X ... X Cpan
for natural numbers n and aq, ..., a,. Define the p-th power map
fp:G—=G
by setting f,(g) := ¢”.

i) Prove that is a homomorphism.
( ) P p
(ii) Prove that

ker(fp) = Epn = G/ im(fp).
Exercise 5.75. Let GG be a finite abelian group and let p be a prime. We set
GP:={¢’:9geG}and G, :={ge G:¢"=1}.
(i) Prove that G/GP = G),.

(ii) Prove that the number of subgroups of G that have order p is equal to the number
of subgroups of G that have order p.

Exercise 5.76. Let G be a group with isomorphism class Cgg X Cy5 X C12 X C36. Find the
number of elements of G that have order 2 and the number of subgroups of G that have
index 2 in G.

Exercise 5.77. Let Q be a finite set of cardinality n € N. Let (P(£2),*) be the abelian
group considered in Exercise 1.85. Determine the sequence of invariant factors of this group.

Exercise 5.78. Show that Sy does not contain an abelian subgroup of order 21.

Exercise 5.79. Prove that the groups D1, Dg x Z /27, Qg X Z/27 and Z /A7 x 7./ AZ, with
the semidirect product as in Examples 5.25 (v), are pairwise non-isomorphic.
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