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Properties of Differentiation

Differentiation is a linear operation:

Proposition 4.1: Linearity of Differentiation
o Let f,g: X CR"” — R™ be two functions that are both
differentiable at a point a € X and let ¢ € R be any scalar.
@ Then,
1. The function h = f 4 g is also differentiable at a , and

Dh(a) = D(f + g)(a) = Df(a) + Dg(a)

2. The function k = cf is differentiable at a, and

Dk(a) = D(cf)(a) = cDf(a)
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Properties of Differentiation

Example 1

o Let f and g be defined by,
flx.y) = (x+y,xysiny,y/x)
gy) = (453 ye, 23 —7y°)
@ Then
[ 1 1
Df(x,y) = ysiny  xsiny -+ xy cosy
| = y/x? 1/x
[ 2x 2y
Dg(x,y) = |y?eY ¥ 4 xye?
| 6x2 —35y4
o f is differentiable only in R? \ {x = 0} and g is differentiable
on all of R2.
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Properties of Differentiation

Example 1

@ Let f and g be defined by

f(x,y) = (x+y,xysiny, y/x)
g(x,y) = (P+y%yeY,2x —7y%)

o If we let h = f + g, then Proposition 4.1 tells us that h must
be differentiable on all of its domain

@ Furthermore,

Dh(x,y) = Df(x,y)+ Dg(x,y)

2x+1 2y +1
= |ysiny +y?e¥ xsiny +xycosy + e + xye?
6x% — y /x> 1/x —35y*4

Marius A. Marinescu Métodos Matematicos de Bioingenieria 6/24



Properties; Higher-order Partial Derivatives
0000®00000000000000000

Properties of Differentiation

Example 1
@ Some graphical representation.

ofs
E—l/X

@ —
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Properties of Differentiation

Example 1

@ Some graphical representation.

f =

Xy siny
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Properties of Differentiation

Example 1

@ Some graphical representation.

ot _
Ox

= —y/x*

-5 8 ¢ § . 8 ¥ 8 8

. oe
x| -mers netez
y | 1912 19102

2| 153040 165310
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Properties of Differentiation

Proposition 4.2

@ Let f,g: X CR"” — R be differentiable at a € X.
@ Then,
1. The product function fg is also differentiable at a:

D(fg)(a) = g(a)Df(a) + f(a) Dg(a)

2. If g(a) # 0, then the quotient function f/g is differentiable at
a:

g(a)Df(a) — f(a)Dg(a)

D(f/g)(@) = i
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Properties of Differentiation

Example 2

@ Suppose
f(x,y,z) = ze¥
g(x,y,z) = xy+2yz—xz
@ Then
(fg)(x,y,2) = (xyz + 2yz* — xz°)e¥
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Properties of Differentiation

Example 2

@ Suppose

f(x,y,z) = ze¥

g(x,y,z) = xy+2yz—xz
@ Then
(fg)(x,y,2) = (xyz + 2yz*> — xz°)e"¥
@ So that
(yz — 22)e¥ + (xyz + 2yz? — xz°)ye™

D(fg)(x,y,z) = |(xz +22%)e¥ + (xyz + 2yz® — xz?)xe
(xy + 4yz — 2xz)e™
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Properties of Differentiation

Example 2

f(x,y,z) ze™

g(x,y,z) = xy+2yz—xz
Df(x,y,z) = [yzexy xze™ exy]
Dg(x,y,z) = [yfz X+ 2z 2yfx]

@ Using Proposition 4.2
g(x,y,2)Df(x,y,z) + f(x,y,z)Dg(x, y, z) =

(xy?z + 2y?2? — xyz2)e¥ T (yz — z%)e¥
= | (xPyz +2xyz% — x22%)eY | + |(xz +22%)e¥
(xy + 2yz — xz)e¥ (2yz — xz)e™

(yz — 2%) + (xyz + 2yz® — xz°)y
= &Y |(xz+22%) + (xyz + 2yz? — xz%)x
(xy + 4yz — 2xz)
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kth order derivatives and Schwarz Theorem

How many “second derivatives” does a function have?

Example 3

o Let

f(x,y,2) = X%y + y2z

@ The first-order partial derivatives are

of

> 2xy

g; = X2+ 2yz
ofr 5

97 y
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kth order derivatives and Schwarz Theorem

(Example3

f(x,y,z) = x2y+y22

of of of

— = Qyz, —— =

@ The second-order partial derivative with respect to x is,
827‘ 0 (Oof 0
XX(X Y7Z) X2 8X <ax> - &(2)0/) - 2y

@ Similarly, the second-order partial derivatives with respect to y
and z are, respectively,

O%f o [O0f 0
— = — 2 =2
5 = By <6y> gy ) =22

82 f 8 (F\ 0 o
92 &(&>—&W)=°
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kth order derivatives and Schwarz Theorem

Example 3

f(x,y,2) = X%y + y2z
of of of
8X X_yJ 8_)/ X + yz? az .y

@ The mixed partial derivative with respect to first x and then y

0?f o (of 0
f‘;( , Y, = = — _ = — 2 = 2
v (%, y,2) Oydx 0Oy <8X> 8y( x) X
@ There are five more mixed partials for this particular function

PfPf O°f 0P OF
Ox0y’ 0z0x’ 0x0z' 0zdy' 0ydz
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kth order derivatives and Schwarz Theorem
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kth order derivatives and Schwarz Theorem

General kth-order partial derivatives

@ Suppose f : X C R" — R is a scalar-valued function of n
variables.

@ The kth-order partial derivative with respect to the variables
Xiys Xip, - - - » Xi, (in that order) is the iterated derivative

of _ 9 .90 90
axik . aXIQ 8X11 o 8X,k 8X12 8XII

(F(x1,x2, ..., Xn))

where i1, ip, ..., iy are integers in the set {1,2,...,n}
(possibly repeated)
e Equivalent notation,

inIXi2~”Xik (X1, %2, .-+, Xn)
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kth order derivatives and Schwarz Theorem

Example 4

o Let

f(x,y,2z,w) = xyz + xy’w — cos(x + zw)

@ We then have

0?f 0 0
fw(x,y,z,w) = dwdy 8W8y( xyz + xy w—cos(x+zw)
0
= a—w(xz + 2xyw) = 2xy
2
fay (X, y,z,w) = 8€v8fy 88)/ 88 (xyz + xy?w — cos(x + zw)

_ 9 2 i —
= a—y(xy + zsin(x + zw)) = 2xy

This example suggests that there might be
a simple relationship among the mixed second partials
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kth order derivatives and Schwarz Theorem

Theorem 4.3 (Schwarz)
@ Suppose that X is open in R”.

@ Suppose f : X C R" — R has continuous first- and
second-order partial derivatives.

@ Then the order in which we evaluate the mixed second-order
partials is immaterial.

@ That is, if iy and /> are any two integers between 1 and n,
then,
O%f . 02f
8x,-18x,-2 N 8X,'28X,'1
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kth order derivatives and Schwarz Theorem

Definition 4.4: Smooth Functions

@ Assume X is open in R".

@ Let f: X CR" — R be a scalar-valued function.

@ Function f is said to be of class C¥ if its partial derivatives up
to order at least k, exist and are continuous on X.

@ Function f is said to be of class C*°, or smooth, if it has
continuous partial derivatives of all orders on X

A vector-valued function f : X C R" — R™ is of class C¥(C>)

if and only if

Each of its component functions is of class CX(C>)
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kth order derivatives and Schwarz Theorem

Theorem 4.5 Schwarz (extended)

@ Let f: X CRR” — R be a scalar-valued function of class C*
@ Then the order in which we calculate any kth-order partial
derivative does not matter
@ Suppose
o (i,...,ix) are any k integers (not necessarily distinct) between
1 and n, and
o (j1,.--,Jk) is any permutation (rearrangement) of these
integers
@ Then
okf . okf
Oxjy - - - O, a Oxjy - - - Ox;,
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kth order derivatives and Schwarz Theorem

Example 5

o Let 5

f(x,y,z,w) = x“we"* — ze"" + xyzw

@ We verify Theorem 4.5

oo f of
S Y () P —
OxOw0zdyOx 0z0yOwd?x
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